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Isolated horizons stationary to the second order

H - 3dim null surface in 4dim spacetime M 
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Spacetime null frame adapted to H

The null frame:
gAB = mAm̄B + mBm̄A

ω
(`)
A = (α + β̄)mA + (ᾱ + β)m̄A

Following N-P notation, denote the directional derivatives
by:

δ = ma∂a, D = `a∂a (1)

Spacetime Weyl tensor Cµ
αβγ in the null frame formalism

may be expressed by the following complex valued N-P
components:

Ψ0 = C4141, Ψ1 = C4341 Ψ2 = C4123,

Ψ3 = C3432, Ψ4 = C3232. (2)

Four components are constant along the null generators
of H :

DΨI = 0, I = 0, 1, 2, 3. (3)
Assume:

DΨ4 = 0 (4)
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The Weyl tensor

Due to vanishing of the expansion and shear of `:

Ψ0 = Ψ1 = 0 (5)

Ψ2 can be expressed in terms of the Gaussian curvature
and scalar invariant O:

Ψ2 = δ̄β − δα + (µρ− λσ) + αᾱ + ββ̄ (6)

− 2αβ + γ(ρ− ρ̄) + ε(µ− µ̄) +
1
6

Λ

= −1
2

(K + iO) +
1
6

Λ

The component Ψ3 reads:

Ψ3 = δ̄µ− δλ + µ(α + β̄) + λ(ᾱ− 3β̄)

=
1
κ(`)

(
δ̄ + 3α + 3β̄

)
Ψ2, (7)
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The Petrov type D equation

Using Bianchi identities and the assumption that
DΨ4 = 0 we find that:

Ψ4 =
1

2κ(`)

(
δ̄Ψ3 − 3λΨ2 + 2(2π + α)Ψ3

)
(8)

Petrov type D condition:

2Ψ23 = 3Ψ2Ψ4; (9)

Putting all the pieces together gives:

(δ̄ + α− β̄)δ̄Ψ2(x)−
1
3 = 0. (10)

which can be written as:

m̄Am̄B∇A∇BΨ2(x)−
1
3 = 0, (11)
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The Petrov type D equation

Theorem 1. Suppose H is a 3-dim non-extremal isolated null
surface stationary to the second order in a 4-dimensional
spacetime such that the vacuum Einstein equations with
cosmological constant Λ are satisfied. Then, the necessary and
sufficient condition for the spacetime Weyl tensor to be of the
Petrov type D at each point of the null geodesic x ∈ S is, that
Ψ2 satisfies the following two conditions:

Ψ2(x) 6= 0, (12)

and
m̄Am̄B∇B∇AΨ2(x)−

1
3 = 0. (13)
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Petrov type D solution on 2-sphere for axisymmetric IH

consider metric tensor:

gABdx
AdxB = R2(

1
P2

dx2 + P2dϕ2) (14)

rotation scalar invariant O can be expressed by

O = −∆U (15)

with the constraints
(

lack of conical singularity of P(x)

and U(x)
)

:

P |x=±1 = 0

lim
x→±1

∂xP
2 = ∓2

P∂xU |x=±1 = 0
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Petrov type D solution on 2-sphere for axisymmetric IH

Applying these to type D equation we obtain a complex ordinary
differential equation for Ψ2:

P2

2R2
∂2xΨ

− 13
2 = 0 (16)

The result of its integration is:

Ψ2 = (c1x + c2)
−3 (17)

Comparing the two expressions for Ψ2:

Ψ2 = (c1x + c2)
−3 = −1

2
(K − i∆U) +

1
6

Λ (18)

4R2

(c1x + c2)3
= ∂2xP

2 + 2i∂x(P2∂xU) +
2
3
R2Λ. (19)
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Solution to type D equation: c1 = 0

Assuming c1 = 0 and integrating eq. (19) twice yields:

P2 = 1− x2 (20)

and diff. eq. for rotation potential:

0 = (1− x2)∂xU =⇒ U = const (21)

Additionally, we find that Gaussian curvature is also constant:

K = − 1
2R2

∂2xP
2 =

1
R2

(22)

=⇒ embeddable in the Schwarzschild-(anti) de Sitter spacetime
or the near extremal horizon spacetimes
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Solution to type D equation: c1 6= 0

Integrating eq. (19) twice and applying boundary conditions yields:

R2 = 3γ
Λγ−6 ,

P2 = 1− x2 + 6
6−γΛ

(x2−1)2
x2+η2

∂xU = 1
2η

3η4−x2+η2(x2+1)(
x2+η2

)(
η2+1−γ Λ

6 (x2+η2)
)

ω(`)
ϕ = ?dUϕ = −P2∂xU =

(1−x2)
[
3η4+η2+x2(η2−1)

]
2η(γ Λ

6−1)(x2+η2)2

where η = −i c2
c1

and γ =
(c22−c21 )2

c2
.

=⇒ embeddable in the Kerr-(anti) de Sitter spacetime
or the near extremal horizon spacetimes
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Area and angular momentum

We now find the area:

A = 4πR2 = 12π
γ

γΛ− 6
, (23)

and the angular momentum using the imaginary part of Ψ2:

J = − 1
4π

∫

S

φImΨ2ε

=
1

8(γ Λ
6 − 1)2

γ

η
.

(24)

Function φ is defined up to an additive constant as the generator
of the vector field Φ = ∂ϕ namely: φ,B := ΦAεAB
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No hair theorem for axisymmetric solutions to the Petrov
type D equation

Theorem 2: The family of axisymmetric solutions of the
Petrov type D equation with (or without) cosmological
constant defined on a topological sphere can be parametrized
by two numbers (A,J): the area and angular momentum,
respectively. They can take the following values:

for Λ > 0, J ∈ (−∞,∞) for A ∈
(
0, 12π

Λ

)
and

| J | ∈
[

0, A
8π

√
ΛA
12π − 1

)
for A ∈

(
12π

Λ
,∞
)
;

for Λ ≤ 0, J ∈ (−∞,∞) and A ∈ (0,∞).
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Solution to the Petrov type D equation on S of genus > 0

Theorem 3: Suppose S is a compact 2-surface of genus > 0.
The only solutions to the Petrov type D equation with a
cosmological constant Λ are (g , ω) such that:

dω = 0 K = const 6= Λ

3
(25)
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Isolated horizon of the Hopf bundle topology
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Isolated horizon of the Hopf bundle topology

P2(x) =

(
1− x2

)(
1 + β2(1 + α2) + 2αβx

)

β2(1 + α2) + 2αβx + x2

O = Im

[−i
(

1− β2(α + i)2
)2

β
(
x + β(α + i)

)3

]

where α and β are related with c1 and c2 in the following way:

c2
c1

= β(α + i)

α = −1
4
nκ
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Isolated horizon of the Hopf bundle topology

ω+ =

(
Im

[
i
(

1− β2(α + i)2
)2

2β
(
x + β(α + i)

)2

]
+
−1 + 2αβ + β2(1− α2)

2β

)
dφ

ω− =

(
Im

[
i
(

1− β2(α + i)2
)2

2β
(
x + β(α + i)

)2

]
+

1 + 2αβ − β2(1− α2)
2β

)
dφ
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Thank you
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