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o Classification of the complex type [N] ® [N] spaces

o New examples of the Lorentzian slices of the complex type [N] ® [N]
metrics
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Type [N] in Lorentzian

Why type [N] is so interesting in General Theory of Relativity?

@ Peeling Theorem and possible relation between type [N] and
gravitational waves
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Type [N] in Lorentzian

Why type [N] is so interesting in General Theory of Relativity?

@ Peeling Theorem and possible relation between type [N] and
gravitational waves

_ N [ mp 1
Cabcd—T-Fv-FF-i-F-i-O(E)

@ All vacuum solutions of the type [N] are know except twisting class
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There are 3 vacuum classes of Lorentzian type [N] metrics
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There are 3 vacuum classes of Lorentzian type [N] metrics

o Kundt class (nontwisting, nonexpanding, pp-waves as a special
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There are 3 vacuum classes of Lorentzian type [N] metrics

o Kundt class (nontwisting, nonexpanding, pp-waves as a special
subclass)

@ Robinson - Trautman class (nontwisting, expanding)
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Different classes of Lorentz

There are 3 vacuum classes of Lorentzian type [N] metrics
o Kundt class (nontwisting, nonexpanding, pp-waves as a special
subclass)
@ Robinson - Trautman class (nontwisting, expanding)

o Twisting class. The only known explicit solution is Hauser solution
which is equipped with two symmetries (one Killing vector?, one
homothetic vector?)

1

1. Hauser, Type - N gravitational field with twist, Phys. Rev. Lett. 33, 1112
(1974)

2K, is a Killing vector if V(oK) = 0.

3K, is a homothetic vector if V(o Kp) = X09ab-
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Advantages:

@ In complex spaces which SD Weyl spinor is algebraically degenerate,
Einstein vacuum field equations have been reduced to the single
hyperheavenly equation
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Advantages:

@ In complex spaces which SD Weyl spinor is algebraically degenerate,
Einstein vacuum field equations have been reduced to the single
hyperheavenly equation

@ The results are valid in 4-dimensional spaces with the neutral
signature metric (+ + ——)
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Conclud

Advantages:

@ In complex spaces which SD Weyl spinor is algebraically degenerate,
Einstein vacuum field equations have been reduced to the single
hyperheavenly equation

@ The results are valid in 4-dimensional spaces with the neutral
signature metric (+ + ——)

Disadvantage:
@ No general techniques which lead to the Lorentzian slices
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Conclud Hyperheavenly spaces

Type [N] in Lorentzia

Penrose theorem says:
CABCD = m(AnBrcsD), CABC’D = m(AnBrcsD)

where m 4, na, 74 and s4 are undotted Penrose spinors, m 4, n i, T 4
and s are dotted Penrose spinors.

Adam Chudecki*, Maciej Przanowski** Complex and real type [N] ® [N] spaces



Introduction a 5 3
Types [N] in complex and Lorentzian geome e [IN) o Gampls and. pororzin]Esometyies
) ) Congruence of the null strings
s [N] ® [N] with Lore ! .
. . Intersection of SD and ASD congruences of the null strings
N N] without L,
Hyperheavenly spaces

Type [N] in Lorentzian

Penrose theorem says:
CABCD = m(AnBrcsD), CABC’D = m(AnBrcsD)

where m 4, na, 74 and s4 are undotted Penrose spinors, m 4, n i, T 4
and s are dotted Penrose spinors.

Type [N] is characterized by the condition

Capcp = mampmemp
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Type [N] in Lorentzian

Penrose theorem says:
CABCD = m(AnBrcsD), CABC’D = m(AnBrcsD)

where m 4, na, 74 and s4 are undotted Penrose spinors, m 4, n i, T 4
and s are dotted Penrose spinors.

Type [N] is characterized by the condition

Capcp = mampmemp

In Lorentzian geometry: m ; = ma, S0

Cipep = mampmemp = Capep
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Types [N] in complex and Lorentzian geometries
Congruence of the null strings

Intersection of SD and ASD congruences of the null strings
Hyperheavenly spaces

In complex geometry there is no relation between undotted and dotted
Penrose spinors, so there exist spaces of the "mixed” types, like [N] ® [D].
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Types [N] in complex and Lorentzian geometries
Congruence of the null strings

Intersection of SD and ASD congruences of the null strings
Hyperheavenly spaces

The first necessary condi
Lorentzian slices

In complex geometry there is no relation between undotted and dotted
Penrose spinors, so there exist spaces of the "mixed” types, like [N] ® [D].

The first necessary condition for existing of the Lorentzian slices

If a complex space admits real Lorentzian slice then SD and ASD parts of
the Weyl spinor are of the same Petrov-Penrose type?.

?K. Rézga, Real slices of complex space-time in general relativity, Rep. Math.
Phys. 11, 197 (1977)
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The first necessary condi
Lorentzian slices

Types [N] in complex and Lorentzian geometries
Congruence of the null strings

Intersection of SD and ASD congruences of the null strings
Hyperheavenly spaces

In complex geometry there is no relation between undotted and dotted
Penrose spinors, so there exist spaces of the "mixed” types, like [N] ® [D].

The first necessary condition for existing of the Lorentzian slices

If a complex space admits real Lorentzian slice then SD and ASD parts of
the Weyl spinor are of the same Petrov-Penrose type?.

?K. Rézga, Real slices of complex space-time in general relativity, Rep. Math.
Phys. 11, 197 (1977)

Complex counterpart of the Lorentzian type [N] is the type [N] ® [N].
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Types [N] in complex and Lorentzian geometries

Congruence of the
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Congruence of the SD

Let D be a 2-dimensional SD distribution: D = {maa;,mabg},

aAbA # 0. It is integrable in the Frobenius sense, if
mAmPV , ymp = 0. (1)

Equations (1) are called SD null string equations.
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Types [IN] in complex and Lorentzian geometries
Congruence of the null strings

Intersection of SD and ASD congruences of the null strings
Hyperheavenly spaces

Congruence of the SD n

Let D be a 2-dimensional SD distribution: D = {maa;,mabg},
a b # 0. It is integrable in the Frobenius sense, if

mAmPV , ymp = 0. (1)
Equations (1) are called SD null string equations.

Integral manifolds of the distribution D are 2-dimensional, holomorphic,
totally null and geodesic surfaces, called null strings. Their family
constitutes the congruence of the SD null strings.
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Types [IN] in complex and Lorentzian geometries
Congruence of the null strings

Intersection of SD and ASD congruences of the null strings
Hyperheavenly spaces

SD null string equations can be rewritten in the form
mBV , o omp =maM,
AMTYB = Ay

Spinor field M), is called expansion of the congruence.
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Congruence of the SD

SD null string equations can be rewritten in the form
mBV , o omp =maM,
AMTYB = Ay

Spinor field M), is called expansion of the congruence.
e M,; = 0 — nonexpanding congruence

o M,; # 0 — expanding congruence
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Congruence of the SD nu

Types [IN] in complex and Lorentzian geometries
Congruence of the null strings

Intersection of SD and ASD congruences of the null strings
Hyperheavenly spaces

SD null string equations can be rewritten in the form
mBV , o omp =maM,
AMTYB = Ay

Spinor field M), is called expansion of the congruence.
e M,; = 0 — nonexpanding congruence
o M,; # 0 — expanding congruence
Nonexpanding congruence = distribution D is parallely propagated:

Vv X € D for any vector field V' and any vector field X € D

Spaces which admit nonexpanding congruence of SD null strings are
called Walker spaces.
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The second necessary
Lorentzian slices

The second necessary condition for existing of the Lorentzian slices

If a complex space equipped with the congruences of SD and ASD null
strings admits real Lorentzian slice then both congruences are expanding
or both are nonexpanding.
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The second necessary c
Lorentzian slices

The second necessary condition for existing of the Lorentzian slices

If a complex space equipped with the congruences of SD and ASD null
strings admits real Lorentzian slice then both congruences are expanding
or both are nonexpanding.

The first criterion of the classification: properties of the congruences of
the null strings:
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Types [IN] in complex and Lorentzian geometries
Congruence of the null strings

Intersection of SD and ASD congruences of the null strings
Hyperheavenly spaces

The second necessary cc
Lorentzian slices

The second necessary condition for existing of the Lorentzian slices

If a complex space equipped with the congruences of SD and ASD null
strings admits real Lorentzian slice then both congruences are expanding
or both are nonexpanding.

The first criterion of the classification: properties of the congruences of
the null strings:

o [NI*®[NJ°
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Types [IN] in complex and Lorentzian geometries
Congruence of the null strings

Intersection of SD and ASD congruences of the null strings
Hyperheavenly spaces

The second necessary cc
Lorentzian slices

The second necessary condition for existing of the Lorentzian slices

If a complex space equipped with the congruences of SD and ASD null
strings admits real Lorentzian slice then both congruences are expanding
or both are nonexpanding.

The first criterion of the classification: properties of the congruences of
the null strings:

o [NI*®[NJ°
o [N" @[N]
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Types [IN] in complex and Lorentzian geometries
Congruence of the null strings

Intersection of SD and ASD congruences of the null strings
Hyperheavenly spaces

The second necessary co
Lorentzian slices

The second necessary condition for existing of the Lorentzian slices

If a complex space equipped with the congruences of SD and ASD null
strings admits real Lorentzian slice then both congruences are expanding
or both are nonexpanding.

The first criterion of the classification: properties of the congruences of
the null strings:

o [N]°® [N]°
o [N]" ® [N]"
o [N]™ ® [N]¢ (this type does not admit Lorentzian slices)
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Types [IN] in complex and Lorentzian geometries
Congruence of the null strings

Intersection of SD and ASD congruences of the null strings
Hyperheavenly spaces

Intersection of these congruences constitutes the congruence of the
complex, null geodesics. It is given by the vector field K, ~ mamg.
Define complex expansion 6 and complex twist o by the formulas

1 .

0:= VK, ~ maM* +m ; MA

1 .

0 = 5 ViaKy VOKY ~ maMA —mM*
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Intersection of SD and ASD

Types [IN] in complex and Lorentzian geometries
Congruence of the null strings

Intersection of SD and ASD congruences of the null strings
Hyperheavenly spaces

Intersection of these congruences constitutes the congruence of the
complex, null geodesics. It is given by the vector field K, ~ mamg.
Define complex expansion 6 and complex twist o by the formulas

1 .

0:= VK, ~ maM* +m ; MA

1 .

= 5 Viky VK ~ maM? —m ;M4

The second criterion of the classification: properties of the intersections
of the congruences of SD and ASD null strings:

° [+ kG#OQ#O

o [+—]: 0#0,0=

o [—+]: 6=0,p ;A 0 (this case cannot appear in Einstein spaces)
o [——]:0=0,0=0
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Types [N] in complex and Lorentzian geometries

There are 6 subtypes of the complex type [N] ® [N] Einstein spaces:
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Type [N] ® [N] spaces

Types [IN] in complex and Lorentzian geometries
Congruence of the null strings

Intersection of SD and ASD congruences of the null strings
Hyperheavenly spaces

There are 6 subtypes of the complex type [N] ® [N] Einstein spaces:
@ {|N]” ® [N]",[——]} (complex equivalent of pp-waves)*

4A.C., Classification of the Killing vectors in nonexpanding H#H-spaces with A,
Classical and Quantum Gravity 29, 135010 (2012)
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Type [N] ® [N] spaces

Types [IN] in complex and Lorentzian geometries
Congruence of the null strings

Intersection of SD and ASD congruences of the null strings
Hyperheavenly spaces

There are 6 subtypes of the complex type [N] ® [N] Einstein spaces:
@ {|N]” ® [N]",[——]} (complex equivalent of pp-waves)*
o {[N]® ® [N]¢, [——]} (complex equivalent of Kundt class)®

4A.C., Classification of the Killing vectors in nonexpanding H#H-spaces with A,
Classical and Quantum Gravity 29, 135010 (2012)

5A.C, Classification of complex and real vacuum spaces of the type [N] ® [N],
Journal of Mathematical Physics 59, 062503 (2018)
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Types [IN] in complex and Lorentzian geometries
Congruence of the null strings

Intersection of SD and ASD congruences of the null strings
Hyperheavenly spaces

There are 6 subtypes of the complex type [N] ® [N] Einstein spaces:
@ {|N]” ® [N]",[——]} (complex equivalent of pp-waves)*
o {[N]® ® [N]¢, [——]} (complex equivalent of Kundt class)®
@ {[N]¢ ® [N]¢, [+—]} (complex equivalent of Robinson-Trautman class)®

4A.C., Classification of the Killing vectors in nonexpanding H#H-spaces with A,
Classical and Quantum Gravity 29, 135010 (2012)

5A.C, Classification of complex and real vacuum spaces of the type [N] ® [N],
Journal of Mathematical Physics 59, 062503 (2018)
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Type [N] ® [N] spaces

Types [IN] in complex and Lorentzian geometries
Congruence of the null strings

Intersection of SD and ASD congruences of the null strings
Hyperheavenly spaces

There are 6 subtypes of the complex type [N] ® [N] Einstein spaces:
@ {|N]” ® [N]",[——]} (complex equivalent of pp-waves)*
o {[N]® ® [N]¢, [——]} (complex equivalent of Kundt class)®
@ {[N]¢ ® [N]¢, [+—]} (complex equivalent of Robinson-Trautman class)®
@ {|N]¢ ® [N]¢, [++]} (complex equivalent of twisting class)®

4A.C., Classification of the Killing vectors in nonexpanding H#H-spaces with A,
Classical and Quantum Gravity 29, 135010 (2012)

5A.C, Classification of complex and real vacuum spaces of the type [N] ® [N],
Journal of Mathematical Physics 59, 062503 (2018)

6A.C., M. Przanowski, On twisting type [N] ® [N] Ricci flat complex spacetimes
with two homothetic symmetries, Journal of Mathematical Physics 59, 042504 (2018)
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Type [N] ® [N] spaces

Types [IN] in complex and Lorentzian geometries
Congruence of the null strings

Intersection of SD and ASD congruences of the null strings
Hyperheavenly spaces

There are 6 subtypes of the complex type [N] ® [N] Einstein spaces:

{IN]" ® [N]™, [-—]} (complex equivalent of pp-waves)*

{IN]® ® [N]®,[-—]} (complex equivalent of Kundt class)®

{IN]® ® [N]¢, [+—]} (complex equivalent of Robinson-Trautman class)®
{[N]® ® [N]¢, [++]} (complex equivalent of twisting class)®

{IN]® ® [N]™,[-—]} (no Lorentzian slice)>’

{IN]® ® [N]™, [++]} (no Lorentzian slice)®

4A.C., Classification of the Killing vectors in nonexpanding H#H-spaces with A,
Classical and Quantum Gravity 29, 135010 (2012)

5A.C, Classification of complex and real vacuum spaces of the type [N] ® [N],
Journal of Mathematical Physics 59, 062503 (2018)

6A.C., M. Przanowski, On twisting type [N] ® [N] Ricci flat complex spacetimes
with two homothetic symmetries, Journal of Mathematical Physics 59, 042504 (2018)

“A.C., Null Killing vectors and geometry of null strings in Einstein Spaces, General
Relativity and Gravitation 46, 1714 (2014)
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Hyperheavenly spaces -

Types [IN] in complex and Lorentzian geometries
Congruence of the null strings

Intersection of SD and ASD congruences of the null strings
Hyperheavenly spaces

Definition

Hyperheavenly space (HH-space) is a 4-dimensional complex analytic
differential manifold equipped with a holomorphic metric ds?> which
satisfies the vacuum Einstein equations and such that the self-dual part
of the Weyl tensor is algebraically degenerate.
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Hyperheavenly spaces - th

Types [IN] in complex and Lorentzian geometries
Congruence of the null strings

Intersection of SD and ASD congruences of the null strings
Hyperheavenly spaces

The metric of the Einstein type [N] ® [any] spaces can be brought to the
form®

ds* = 2¢7%{(dndw — dédt) — ¢ W,,, dt>
+(2W,, — 20 W) dwdt + (2Wy — ¢ W) dw?}

where (¢, n,w,t) are local coordinates called Plebariski - Robinson -
Finley coordinates, function W = W (¢, n, w,t) is the key function, which
satisfies the hyperheavenly equation

¢WnnW¢¢ - ¢Wn¢Wn¢ + 2Wan¢ - 2W¢Wnn + (an - Wt¢) = ¢y

~v = ~vy(w,t) is an arbitrary function such that ; # 0.

8J.F. Plebanski, |I. Robinson, Left - degenerate vacuum metrics, Phys. Rev. Lett.
37, 493 (1976)
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Type {[N]" ® [N]™, [——]}
Type {[N]¢ ® [N]¢, [——]}
Type {[N]¢ ® [N]¢, [+—]}
Type {[N]¢ ® [N]€, [++]}

Lorentzian sl
N without
Concludin

The metric reads

ds® = 2(d¢dC — dvdu + (f(u, ) + f(u,C))du?) (2)

where f = f(u,() and f(u, () are arbitrary holomorphic functions such

that fee #0, JFEEE # 0. The metric admits null Killing vector K = 82
v
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Types [N] in complex and Lorentzian Type {[N]" ® [N]™, [——]}

® with Loren s Type {[N]Z ® [N]Z, [——]}
S Lo SN vl Tyoe {(N]° @ [N]°. [}

Type {[N]¢ ® [N]¢, [++]
Type {[N]" ® [NJ", [=

The metric reads

ds® = 2(d¢dC — dvdu + (f(u, ) + f(u,C))du?) (2)

where f = f(u,() and f(u, () are arbitrary holomorphic functions such

that fee # 0, JFEEE # 0. The metric admits null Killing vector K = (92
v

o (u,v,(,¢) — real, the metric (2) has neutral signature
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Types [N] ® [N] with L slices

Types [N N without Lorentzian slices
Concluding Remarks

Type {[N]" ® [N]", [-—

Type {[N]" ® [N]™, [——]}
Type {[N]¢ ® [N]¢, [——]}
Type {[N]® ® [N]€, [+—]}
Type {[N]¢ ® [N]€, [++]}

The metric reads

ds? = 2(d¢dC — dvdu + (f(u,) + f(u,())du?) (2)

where f = f(u,() and f(u, () are arbitrary holomorphic functions such

that fee # 0, }VEE # 0. The metric admits null Killing vector K = (92
v

o (u,v,(,¢) — real, the metric (2) has neutral signature

o (u,v) — real, (¢, = () — complex with f = f, the metric (2) has
Lorentzian signature and it is pp-wave metric
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Types [N] ® [IN] with Lorentzian slices
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Type {[N]" ® [N]™, [——]}
Type {[N]"3 ® [N]¢, [——1}
Type {[N]¢ ® [N]¢, [+—]}
Type {[N]¢ ® [N]€, [++]}

Complex and real type [N] ® [N] spaces



Type {[N]" ® [N]™, [——]}
Type {[N]"3 ® [N]¢, [——1}
Type {[N]¢ ® [N]¢, [+—]}
Type {[N]¢ ® [N]€, [++]}

Types [N] ® [IN] with Lorentzian slices

Type {[N]°

The metric reads

ds? =2¢72 {%(dndw — dodt) — 2¢2dt? + (2n2 —(gx + ft)g) dwz}

® [NJ% |

where

g:g(wi)v gmmm#ov x::t_%v f:f(wzt)v fttt?éo
T
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Intro
and Lorentzian
N] with Loren
thout Lorentzia
Concludir

Type {[N]*® [NJ¢, [~
The metric reads

ds? = 2¢72 {%(dndw — dodt) — 24%dt? + (2712 — (gz + m%) dw2}

Type {[N]" ® [N]™, [——]}
Type {[N]"3 ® [N]¢, [——1}
Type {[N]¢ ® [N]¢, [+—]}
Type {[N]¢ ® [N]€, [++]}

where
g=g(x,w), graa #0, z:=1— Gy ¢7 f=flw,t), feee 0
There exist complex transformation of the variables which brings the metric to the
form
2 =~ 2v =
ds®* = 2d¢d¢ —2du | dv — ~d(¢+¢) 3)
¢+¢

2
7v~ _ ¢ H(u, ﬁu,~ du?
2((C+<)2 (€ + O (H (u,C) + H( C)))
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es [N] in com and Lorentzian
N] with Lorentzian
without Lol
Concludir

® [N], [=

Type {[N]" ® [N]™, [——]}
Type {[N]E ® [N]¢, [——1}
Type {[N]¢ ® [N]¢, [+—]}
Type {[N]¢ ® [N]€, [++]}

Type {[N]e

The metric reads

ds? = 2¢72 {%(dndw — dodt) — 24%dt? + (2712 — (gz + m%) dw2}

where
g=g(x,w), graa #0, z:=1— Gy ¢7 f=flw,t), feee 0
There exist complex transformation of the variables which brings the metric to the
form
2 =~ 2v =
ds®* = 2d¢d¢ —2du | dv — ~d(¢+¢) 3)
¢+¢

2
7v~ _ ¢ H(u, IZTu,~ du?
2((C+<)2 (€ + O (H (u,C) + H( C)))

@ (u,v,(,C) — real, the metric (3) has neutral signature

Adam Chudecki*, Maciej Przanowski** Complex and real type [N] ® [N] spaces



Type {[N]" ® [N]™, [——]}
Type {[N]¢ ® [N]¢, [——]}
Type {[N]¢ ® [N]€, [+—]}
Type {[N]¢ ® [N]€, [++]}

Types [N] in complex and Lorentzi
Types [N] ® [N] with Lo an slices
Types [N N without Lol an slices
Concludir marks

Type {[N]° ® [N]*, [=

The metric reads

ds? = 2¢72 {%(dndw — dodt) — 24%dt? + (2172 — (gz + m%) dw2}

where 1
g=9g(x,w), gowz #0, x:=1— 274 f=f(w,t), fur #0
There exist complex transformation of the variables which brings the metric to the
form
2 ~ 2v ~
ds®* = 2d¢d¢ —2du | dv — ~d(¢+¢) 3)
¢+¢

2
7v~ _ ¢ H(u, IZTu,~ du?
2((C+<)2 (€ + O (H (u,C) + H( C)))

@ (u,v,(,C) — real, the metric (3) has neutral signature

@ (u,v) — real, (¢, = () — complex with H = H, the metric (3) has Lorentzian
signature and it belongs to the Kundt class

Adam Chudecki*, Maciej Przanowski** Complex and real type [N] ® [N] spaces



Type {[N]" ® [N]™, [——]}
Type {[N]"3 ® [N]¢, [——1}
Type {[N]¢ ® [N]¢, [+—]}
Type {[N]¢ ® [N]€, [++]}

Similarity between pp-wave metric and Kundt class

@ Both spaces are equipped with nontwisting and nonexpanding
congruence of null geodesics
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Type {[N]" ® [N]™, [——]}
Type {[N]E ® [N]¢, [——1}
Type {[N]¢ ® [N]¢, [+—]}
Type {[N]¢ ® [N]€, [++]}

Similarity between pp-wave metric and Kundt class

@ Both spaces are equipped with nontwisting and nonexpanding
congruence of null geodesics

Differences between pp-wave metric and Kundt class
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Intr
Types [N] in complex and Lorentzia
Types [N] ® [N] with Lore:

Types [N N without Lorent:
Conclud

Type {[N]° ® [N]*, [——]

Type {[N]" ® [N]™, [——]}
Type {[N]€ ® [N]®, j)
Type {[N]¢ ® [N]€, [+—]}
Type {[N]¢ ® [N]€, [++]}

Similarity between pp-wave metric and Kundt class

@ Both spaces are equipped with nontwisting and nonexpanding
congruence of null geodesics

Differences between pp-wave metric and Kundt class

@ Pp-waves are equipped with null Killing vector, while Kundt class
does not admit such symmetry

Adam Chudecki*, Maciej Przanowski** Complex and real type [N] ® [N] spaces



Introduction Type {[N]" ® [N]™, [——]}

Types [N] in complex and Lorentzian geometries
Types [N] ® [N] with Lorent: Type {[N]S @ [N]j [77])

Types [N] ® [N] without Lor ice: Type {[N]Z ® [N]Z, [+~]}

- Type {[N]€ ® [N]€, [++]}

Concluding Remarks

Type {[N]° ® [N], [==]}

Similarity between pp-wave metric and Kundt class
@ Both spaces are equipped with nontwisting and nonexpanding
congruence of null geodesics
Differences between pp-wave metric and Kundt class
@ Pp-waves are equipped with null Killing vector, while Kundt class
does not admit such symmetry
o Complex pp-waves are equipped with congruences of SD and ASD
the null strings, both nonexpanding: {[N]" ® [N]*, [——]} while
complex Kundt class is equipped with congruences of SD and ASD
the null strings, both expanding: {[N]¢ ® [N]¢, [——]}

Adam Chudecki*, Maciej Przanowski** Complex and real type [N] ® [N] spaces



Type {[N]" ® [N]™, [——]}
Type {[N]¢ ® [N]¢, [——]}
Type {[N]¢ ® [N]¢, [+—]}
Type {[N]¢ ® [N]€, [++]}

Types [N] ® [IN] with Lorentzian slices
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: Type {[N]" ® [N]"™, [——]}
Types [N] in col nd Lorentzia Tye {[N]€ ® [N]€, [——]}
S S bt bl Type ((N]° @ [N°, [+ ]}

Type {[N]€¢ ® [N]¢, [++]}

Concludin

® [N] [+

Type {[N]°

The metric of the first sub-type can be brought to the form
=2¢~ { e 27 dwdx — 7d¢>dt — (ft + go)dt® + 2727 g dwdt} (4)

where g = g(x,t) such that gzzz # 0 and f = f(w,t) such that (7f2 + fuww)t # 0.
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Introduction

Type {[N]" ® [N]™, [——]}
Type {[N]¢ ® [N]¢, [——]}
Type {[N]¢ ® [N]¢, [+—]}
Type {[N]¢ ® [N]€, [++]}

Types [N] in complex and Lorentzian geometries

Types [N] ® [IN] with Lorentzian slices

Types [N N without Lor an slices
Concludin

Type {[N]° ® [N]*, [+—

emarks

The metric of the first sub-type can be brought to the form
1 1
ds® =242 {76_27fdwdx — Zdpdt — d(ft + go)dt? +2e7 27 g dwdt} (4)
T T

where g = g(x,t) such that gzzz # 0 and f = f(w,t) such that (7f2 + fuww)t # 0.
There exist complex transformation of the variables which brings the metric (4) to the
form

P

2
H2H

ds® = —2drdu + 2r 0, In(HH) du® + : d¢dC, H=H(u,¢), H=H(u,l) (5)
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Introduction

Type {[N]" ® [N]™, [——]}
Type {[N]¢ ® [N]¢, [——]}
Type {[N]¢ ® [N]¢, [+—]}
Type {[N]¢ ® [N]€, [++]}

Types [N] in complex and Lorentzian geometries

Types [N] ® [IN] with Lorentzian slices

Types [N N without Lor an slices
Concludin

Type {[N]° ® [N]*, [+—

emarks

The metric of the first sub-type can be brought to the form
1 1
ds® =242 {76_27fdwdx — Zdpdt — d(ft + go)dt? +2e7 27 g dwdt} (4)
T T

where g = g(x,t) such that gzzz # 0 and f = f(w,t) such that (7f2 + fuww)t # 0.
There exist complex transformation of the variables which brings the metric (4) to the
form

P

2
H2H

ds® = —2drdu + 2r 0, In(HH) du® + : d¢dC, H=H(u,¢), H=H(u,l) (5)

@ (u,v,C, E) — real, the metric (5) has neutral signature
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Introduction

- o o Type {[N]" ® [N]™, [——]}

Types [N] in complex and Lorentzian geometries Tone [IN]€ & [NJ®, [ 1}
Types [N] ® [N] with Lo i LS {IN]E ® [NJ®. [4—1}

Types [N] ® [N] without Lol slice: T;'ze (N ® [N]€. (441}

Type {[N]° ® [N], [+=]},

The metric of the first sub-type can be brought to the form
1 1
ds® =242 {fe_Qdewdz — Zdpdt — d(ft + go)dt? +2e7 27 g dwdt} (4)
T T

where g = g(x,t) such that gzzz # 0 and f = f(w,t) such that (7f2 + fuww)t # 0.
There exist complex transformation of the variables which brings the metric (4) to the
form

~ 22 ~ ~ ~ o~
ds? = —2drdu + 2r 8y In(HH) du? + H2’"ﬁ2 dcdC, H = H(u,¢), H = H(u,C) (5)

@ (u,v,C, E) — real, the metric (5) has neutral signature

@ (u,v) — real, (C,Z: ¢) — complex with H = H, the metric (5) has Lorentzian
signature and it belongs to the Robinson - Trautman class®

9H. Stephani at al., "Exact Solutions...”, Theorem 28.1 specialized for m = 0 and
AlnP =0, A := P?9:9;.
T L e y—



Introduction

n n
Types [N] in complex and Lorentzian geometries Iypz Hme g [[S]]e ’[[::]]}}
Types [N] ® [N] with Lorent i Ti,:e {INJ® ® [N]®. [+—]}

Types [N] ® [N without Lor ,

Type {[N]€ ® [N]¢, [++]}

Type {[N]° ® [N]*, [+

The metric of the second sub-type can be brought to the form

ds> = 20 2{r7(dndw — dédt) — ¢(Fyy + 2¢)dt? (6)
+2F,; dwdt 4+ 2(n? 4+ m)dw?}

where F' = F(n,w,t) and m = m(w, t) satisfy the following equation
1 1
2(n? + m)Fyy — AnFy — ~Fyw + —mi =0, Fyyy 70, me 70

General solution is not know.
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Types [N] in co nd Lorentzia Iy"e Hm: g [[11:]]:*[[”]1}}
' q ype o ==
S S bt bl Type ((N]° @ [N°, [+ ]}

Type {[N]€ ® [N]¢, [++]}

Type {[N]° ® [N]*, [+

The metric (6) can be brought to the form

22 K~
dﬁ:%&@—@&h%?ﬂ+dwﬁﬁg—ﬁﬂ @)
€
where ¢ = +1, functions P = P(u,(, ¢) and K = K (u, ¢) satisfy the equation

2P?(InP) ;= K (8)
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n n
Types [N] in complex and Lorentzian geometries Iypz Hme g [[S]]e ’[[::]]}}
Types [N] ® [N] with Lorent i Ti,:e {INJ® ® [N]®. [+—]}

Types [N] ® [N without Lor ,

Type {[N]¢ ® [N]€, [++]}
Type {[N]* ® [N]*, [+

The metric (6) can be brought to the form

22 K~
ds® = —2drdu — (r 0, In(KP~2) + ) du? + % 2 dcdc @)
€
where ¢ = +1, functions P = P(u,(, ¢) and K = K (u, ¢) satisfy the equation
2P2%(In P) =K (8)

@ (u,v,(,¢) — real, the metric (7) has neutral signature
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Type {[N]" ® [N]™, [——]}
Type {[N]¢ ® [N]¢, [——]}
Type {[N]¢ ® [N]¢, [+—]}
Type {[N]¢ ® [N]€, [++]}

Types [N] in complex and Lorentzian geometries
Types [N] ® [IN] with Lorentzian slices

Types [N N without Lor an slices
Concluding Remarks

Type {[N]° ® [N], [+-]

The metric (6) can be brought to the form

2~ odrdu— 2 2 20K 7
ds® = —2drdu — (r 0y In(KP~?) 4+ ¢)du® + P2 d¢d¢ (7)
€

where £ = =£1, functions P = P(u,(,() and K = K (u, ¢) satisfy the equation
2P2%(In P) =K (8)
@ (u,v,(,¢) — real, the metric (7) has neutral signature

@ (u,v) - real, (¢, = ¢) — complex, the metric (7) has Lorentzian signature and it
belongs to the Robinson - Trautman class'?

10H, Stephani at al., " Exact Solutions...”, Theorem 28.1 specialized for m = 0 and
AlnP = +1, A := P?9:0;.
T L e y—
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Types [N] in complex and Lorentzian geometries Iy"e {[:]Z @ [Il:f]en .
Types [N] ® [IN] with Lorentzian slices T)’P: %{N%e S %N}e’ {;:]]}}
Types [N] ® [N] without Lor slice: T;'ze (N ® [N]€. (441}

Type {[N]° ® [N]%, [+=]}

The metric (6) can be brought to the form

22 K~
ds® = —2drdu — (r 0, In(KP~2) + ) du? + % = d¢de @)
€

where £ = =£1, functions P = P(u,(,¢) and K = K (u, () satisfy the equation

2P?(InP) ;= K (8)

@ (u,v,(,¢) — real, the metric (7) has neutral signature

@ (u,v) - real, (¢, = ¢) — complex, the metric (7) has Lorentzian signature and it
belongs to the Robinson - Trautman class'?
Moreover, Lorentzian slice implies:

@ Function K becomes the function of only one variable u and admissible gauge
freedom allows to bring it to the constant value, K = ¢ = +£1

10H, Stephani at al., " Exact Solutions...”, Theorem 28.1 specialized for m = 0 and
AlnP = +1, A := P?9:0;.
T L e y—
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Types [N] in complex and Lorentzian geometries IYPE U:]Z ® [11:11]:' ——
Types [N] ® [N] with Lorentzian slices T)’Pe {[N]E ® [N]ev ==1}
Types [N] ® [N] without Lorentzian slices yee {[N]® ® [N]®, [+—]}
Type {[N]€ ® [N]€, [++]}

Type {[N]° ® [N,

The metric (6) can be brought to the form

22 K~
ds® = —2drdu — (r 0, In(KP~2) + ) du? + % = d¢de @)
€

where £ = =£1, functions P = P(u,(,¢) and K = K (u, () satisfy the equation

2P?(InP) ;= K (8)

@ (u,v,(,¢) — real, the metric (7) has neutral signature

@ (u,v) - real, (¢, = ¢) — complex, the metric (7) has Lorentzian signature and it
belongs to the Robinson - Trautman class'?

Moreover, Lorentzian slice implies:

@ Function K becomes the function of only one variable u and admissible gauge
freedom allows to bring it to the constant value, K = ¢ = +£1

@ Equation (8) reduces to the equation 2P?(In Pleg==+1

10H, Stephani at al., " Exact Solutions...”, Theorem 28.1 specialized for m = 0 and
AlnP = +1, A := P?9:0;.
T L e y—



Types [N] ® [IN] with Lorentzian slices
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Type {[N]® ® [N}, [++]} without any symmetries:
@ The hyperheavenly equation splits into the overdetermined system of
three equations for two functions of three variables
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Types [N] in complex and Lorentzian geometries Iy"e {[:]Z ® [N R
Types [N] ® [N] with Lorentzian slices LS HN%" g { }p’ {J: 7]]]%
Types [N] ® [N] without Lorentzian slices Ti'se (NI & NS, [4+]}

Concluding Remarks

Type {[N]° ® [N]*, [+

Type {[N]® ® [N}, [++]} without any symmetries:
@ The hyperheavenly equation splits into the overdetermined system of
three equations for two functions of three variables

Type {[N]¢ @ [N]¢, [+-+]} with one symmetry:
o A little simpler system but still overdetermined
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n n
Types [N in complex and Lorentzian geometries Iy": Hme g [[11\\111]6 ’[::] }}
Types [N] ® [N] with Lo n slices Ty"e {INJ® ® [N1®. [+—])

Types [N N without Lorentzian slices w o a’
Type {[N]€ ® [N]€, [++]}

Concluding Remarks

Type {[N]° ® [N]*, [++]

Type {[N]® ® [N}, [++]} without any symmetries:
@ The hyperheavenly equation splits into the overdetermined system of
three equations for two functions of three variables

Type {[N]¢ @ [N]¢, [+-+]} with one symmetry:
o A little simpler system but still overdetermined
Type {[N]¢ ® [N]¢, [++]} with two symmetries:
o Killing vector K1 = 0y,
o Homothetic vector Ky = w0y, + t0; + (1 — 2x0) (00 + 1n0y)
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Types [N] in complex and Lorentzian geometries Type {IN]™ ® [NJT", [——]}
Types [N] ® [N] with L slices Type {[N]® ® [N]®, [-—]}

. .
Types [N N without Lorentzian slices :y"e {[z]e ® [:]ev [RF=II};
Concluding Remarks ype {[N]€ ® [N]€, [++]}

Type {[N]° ® [N]*, [++]

Type {[N]® ® [N}, [++]} without any symmetries:

@ The hyperheavenly equation splits into the overdetermined system of
three equations for two functions of three variables

Type {[N]¢ @ [N]¢, [+-+]} with one symmetry:
o A little simpler system but still overdetermined
Type {[N]¢ ® [N]¢, [++]} with two symmetries:
o Killing vector K1 = 0y,
o Homothetic vector Ky = w0y, + t0; + (1 — 2x0) (00 + 1n0y)
@ The system can be reduced to the single ODE of the fifth order
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Types [N] in complex and Lorentzi

Type {[N]° ® [N], [++

Introduction
geometries

Types [N] ® [N] with Lo
Types [N

N without Lo

Type {[N]" ® [N]™, [
Type {[N]€ ® [N]€, [—
Type {[N]¢ ® [N]¢, [+
Type {[N]€ ® [N]€, [+

In local coordinates (v, ¢, w, t) the metric can be brought to the form

ds?

2
T

e

+2 (t*2X0T — ¢ht™1 (

{

1

T

dh

dT  1-2xo
dv 2T

dv

dz

where P = P(v), Z = Z(v), T = T'(v) and

h:= TN T g’

Z/ll PI/

Adam Chudecki*, Maciej Przanowski**

_ 2t2X0*2 (hi
) ¢ dv?

d£ _ 1- ) + %¢2t2><072 (h2

2Xx0

d2T

27

2t2’<0*2h(
: )+¢

+ (2t’2XOZ + ot L (P — 2h—
U

1 1
(t1’2’<0 - ¢—) dvdw — Zhdgdw — = dedt
dv T T

2z
4z )) dt?
dv?

dv?

d*Z dP
h—=2 _ 22
dv? dv

":=0,, T"" #0, h # const

Complex and real type [N] ® [N] spaces

2
T E) )dwdt

dv

) )}



q Type {[N]" ® [N]™, [~ —]

Types ‘[?frynnels E)mﬁl/ [mr,l] Lo_yt.:'n:-zo.t Tz::i (N ® [N]©, [——]
€ .WI h ren T {[N]E®[N]5 [+ ]}

Types [N] ® [N] without Lo Ti's: {INI® ® [N]°, [++1}

Concluding

Type {[N]° ® [N]*, [+

Where

L _1@Q
57 T(U) T o Q/

Pe) =@ @t [ Qe (- 207HQuu) o

Z(v) =

where Q = Q(v) and

Q//l 3 QIIQ
Q' D) Q"

is the Schwarzian derivative of the function @

{Qv U} =
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Type {[N]
Type {[N]
Type {[N]
Type {[N]

Types [N] in complex and Lorentzian
Types [N] ® [N] with Lt
Types [N N without L.

Type {[N]*® [N [+
Function Q(v) satisfies the fifth-order ODE

QZ///Q/ 1 /
(o)

1112
__A[QQI—QQN + 2(X0 _ 2)] |:T (QQ/ 2{Q7 70) + 4 :| -0

n
@
e
e

®
®[
® [
® [

N]e [++]}

T///

where

Z/l/ — _ I( /—2{Q7U})/

(Q’2 @ ”}>
o200 1)

"o

1 ¢
21 Q
1 2

%{Q,m

272
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Types [N] ® [IN] with Lorentzian slices

Disadvantages of our approach:
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Types [N] ® [IN] with Lorentzian slices

Disadvantages of our approach:

@ No new solutions have been found so far (most promising case is
Xo = 2)

Adam Chudecki*, Maciej Przanowski** Complex and real type [N] ® [N] spaces
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; g ype ==

] with Lorent Type {[N]¢ ® [N]€, [+—]}

Type {[N]¢ ® [N]€, [++]}

Type {[N]° ® [N]*, [+

Disadvantages of our approach:
@ No new solutions have been found so far (most promising case is
Xo = 2)
@ Hauser solution has not been reconstructed so far
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q q . Type {[N]" ® [N]™, [-—]}

Types [IN] in complex and Lorentzial tries @ e 1__
Types [N] ® [N] with Lore %s: Hmp g {:]a er]]]%
Types [N] ® [N] without Lorent Type {[N]® ® [N]€. [++]}

Conclud

Type {[N]° ® [N], [++

Disadvantages of our approach:
@ No new solutions have been found so far (most promising case is
Xo = 2)
@ Hauser solution has not been reconstructed so far

@ No transformation which reduce the order of the final differential
equation has been found so far
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Type {[N]Z ® [N]: ==]
Types [N] ® [N] with Lorentzian slices gs: Hme g {:}e: {;:]]}
Type {[N]¢ ® [N]€, [++]}

Type {[N]° ® [N]*, [

Advantages of our approach
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Introduction

Types [N] in complex and Lorentzian geometries Iy"e {[:]Z @ [g]en’ B
Types [N] ® [N] with Lorentzian slices S HN%" g %N}e’ H:H
Types [N] ® [N] without Lorentzian slices Ti's: {INI® ® [N]°, [++1}

Type {INJ° @ (NI, 443, 1

Advantages of our approach
o Final equation is ODE and it can be written in the form

Ql/l// — G(Q, QI7 QII7 Q/l/7 QIIII)

with G being the rational function. It always has a solution for
arbitrary initial values. It works in complex case, real Lorentzian case
and real neutral case.
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Introduction

- e ies Type {[N]" ® [N]™, [——]}

Types [N] in complex and Lorentzian geometries & bR
Types [N] ® [N] with Lorent Izzz %{:%(‘ g %E]r: L’*]]%
Types [N] ® [N] without Lorent Type {[N]® ® [N]€. [++]}

Type {[N]* ® [N], [++]}, t

Advantages of our approach
o Final equation is ODE and it can be written in the form

Ql/l// — G(Q, QI7 QII7 Q/N7 Q/l//)

with G being the rational function. It always has a solution for
arbitrary initial values. It works in complex case, real Lorentzian case
and real neutral case.

o We formulated the theorem which is complex counterpart of the
theorem formulated by W.D. Halford (1979) and C.D. Collinson
(1969, 1980)

For any vacuum HH-spaces of the type [N| ® [II,D,III,N] with twisting
congruence of null geodesics arising as intersection of SD null strings
with ASD null strings there exist at most two homothetic Killing vectors.
They must be noncommuting.
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Type {[N]¢ ® [N]™, [——]}
Type {[N]€¢ ® [N]™, [++]}

Types [N] ® [IN] without Lorentzian slices
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Type {[N]¢ ® [N]™, [

——1r
Types [N] ® [IN] without Lorentzian slices Type {[N]€ ® [N]™, [++]}

In neutral signature spaces:

(N NI ==} — {IN“@ [N, [-=]} — {IN]"@[N]", [-=]}
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Types [N] in complex and Lorentzian g
Types [N] ® [N] with Lorentzian
Types [N] ® [N] without Lort
Concluding Remarks

Type {[N]° ® [N]", [

Type {[N]¢ ® [N]™, [——]}
Type {[N]€¢ ® [N]™, [++]}

In neutral signature spaces:
{IN]*® [N, [==]} — {N]"®[N]",[-=]} — {IN]"®@[N]",[--]}
In this case the metric can be brought to the form

ds*> = 2¢ % {r Y(dndw — d¢dt) — 2By¢*dwdt (9)
+ (29 — ¢gy — f¢ + 2Bong)dw? }

where

f= f(w,t), Juu #0, g= g((b,w), Ippe #0, By = {170}

If By = 0 then the metric (9) admits null Killing vector K = 0,.
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Type {[N]¢ ® [N]", [

——1}
Types [N] ® [N] without Lorentzian slices Type {[N]¢ ® [N]™, [++]}

Type {[N]° ® [N]"

No symmetries.
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Types [N] in complex and Lorent
Types [N N wit
Types [N] ® [N] without Lores
Concluding Remarks

Type {[N]° ® [N]", [+

Type {[N]¢ ® [N]™, [——]}
Type {[N]€¢ ® [N]™, [++]}

No symmetries.

The metric reads

ds®> = 2¢_2{T_1(d77dw — dgdt) — ¢* Ty, dt?
+(200 Ty — 2¢°T,) dwdt
+<2¢77Tm - 772sz - T_lc(b) dw2}

where = :=n/¢, C = C(w,t) is an arbitrary function such that Cy; # 0,
function T' = T'(x, w, t) satisfies the equation

CTIQ: + wa — 3Tt + xTxt =0
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Type {[N]¢ ® [N]™, [

——1}
Types [N] ® [N] without Lorentzian slices Type {[N]¢ ® [N]™, [++]}

Type {[N]° ® [N]",

One symmetry: K1 = 0y, — 2x0 (004 + n0y)
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Types [N] in complex and Lorentzian fes Type {[N]€ ® [N]™, [——]}
Types [N] ® [N] with L s Type {[N]® ® [N]™, [++]}
Types [N] ® [N] without Loren P J

Concluding Remarks

Type {[N]° ® [N]", [++

One symmetry: K| = 0, — 2x0 (¢9g + n0y)
The metric reads

ds*> = 2¢ {7 ' (dndw — dedt) — $*e*X*“ H,, dt*
+2e2X0 2 (p H ., — H,) dwdt
+(2Bon — 77'C¢ — X ng(xHyy — 2H,)) dw?}

where z :=n/¢, C = C(t) is an arbitrary function such that Cy # 0,
function H = H (x,t) satisfies the equation

(=27Box + C)Hy + (27Bo + 2x0)Hy + Hy — 3H; =0
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Type {[N]¢ ® [N]", [

——1}
Types [N] ® [N] without Lorentzian slices Type {[N]¢ ® [N]™, [++]}

Type {[N]*® [N]", [

Two symmetries: K1 = 0w, K2 = wdw + t0s + (1 — 2x0)(60y + n0y)
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Types [N] in complex and Lorentzian - - "
® [N]™, [-=]}

Type: [N] with L y ype {[ ]e n
Types [N] ® [N] without Lore Type {[N]€ ® [N]™, [++]}

Type {[N]°

n
® [N]", [++]
Two symmetries: K1 = 0w, K2 = wOw + t0t + (1 — 2x0) (00 + n0y)
The metric reads!!

ds? = 2472 {T’l(dndw — dpdt) — ¢ (Qorl — pt2(xo—1) %) dt?
[2¢>2t2<><0—1> (hi—z - U> - 2Qo¢ht_1] dwdt

[¢2t2(X0_1>h (h% - 2U) + Ro¢t—1} dw2}

where n = —h¢, Qo and Ry # 0 are constants and function U = U(h) satisfies the
following equation

—1 4dU 2(x0 — 1)
Qoh? + Ro) L2 — 2X h— —2(Q =0
(2oh™ + O)dh2 T dh ( °T T )

A.C., M. Przanowski, On twisting type [N] ® [N] Ricci flat complex spacetimes
with two homothetic symmetries, Journal of Mathematical Physics:59, 042504-(2018)
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Types [IN] in complex and Lorentzian geometries
Types [N] ® [N] with Lorer slices
Types [N] ® [N] without Lorel

Type {[N]°

® [N]", [++]}'
Two symmetries: K1 = 0w, K2 = wOw + t0t + (1 — 2x0) (00 + n0y)

The metric reads!?

Type {[N]¢ ® [N]™, [——]}
Type {[N]€¢ ® [N]™, [++]}

ds? = 2472 {T’l(dndw — dpdt) — ¢ (Qorl — pt2(xo—1) %) dt?
[2¢2t2<><0—1> (hi—z - U) - QQotht_l] dwdt
d
[¢2t2(X0_1>h (h% - 2U) + Ro¢t—1} dw2}

where n = —h¢, Qo and Ry # 0 are constants and function U = U(h) satisfies the
following equation

—1 4dU 2(x0 — 1)
Qoh? + Ro) L2 — 2X h— —2(Q =0
(2oh™ + O)dh2 T dh ( °T T )

for xo = 1 this equation has the form very similar to the equation describing Hauser
solution.

A.C., M. Przanowski, On twisting type [N] ® [N] Ricci flat complex spacetimes
with two homothetic symmetries, Journal of Mathematical Physics:59, 042504-(2018)

Adam Chudecki*, Maciej Przanowski** Complex and real type [N] ® [N] spaces



Concluding Remarks

Concluding Remar
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Concluding Remark

o Complex twisting class with one symmetry and without any
symmetries: can it be reduced to the single equation?

Adam Chudecki*, Maciej Przanowski** Complex and real type [N] ® [N] spaces



Types [N] in complex and Lorentzia

Types [N] @ [N] with
Types [N N without Lorent:
Concluding Remarks

Concluding Remarks

o Complex twisting class with one symmetry and without any
symmetries: can it be reduced to the single equation?

@ Some tricks used in analysis of the complex types [N] ® [N] spaces
have been successfully used to find first explicit example of
para-Hermite space of the type {[D]*® @ [N]™, [++, ++]}.
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