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Isolated horizons, the Petrov type D 
equation and the Near Horizon 

Geometry equation 
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Extremal (degenerate) horizon equation  

- a 2d-manifold equipped with:

gABdx
AdxB
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-  a metric tensor, !Adx
A
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-  a  1-form

r(A!B) + !A!B +
1

2
(⇤�K)gAB = 0

K
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-  the cosmological constant

Hajicek 1974, Moncrief, Isenberg 1983, Ashtekar, Beetle, JL     
2001, JL, Pawłowski  2002, Chruściel, Reall, Tod 2005, 
Jezierski 2009, Kunduri, J. Lucietti 2009, Chrusciel, Szybka, 
Tod 2017, Nurowski, Randall 2016



Extremal (degenerate) horizon equation 

On a topological 2-sphere:  

all the axisymmetric solutions known  
Hajicek 1974, JL, Pawlowski 2002, Kunduri, J. Lucietti 2009, 

unsolved existence  problem for non-symmetric solutions 
Chruściel, Reall, Tod 2005, Jezierski 2009, Chrusciel, Szybka, 
Tod 2017, Nurowski, Randall 2016,  this talk 

On a higher genus S: this talk, also Chruściel, Reall, Tod 2005, 
C. Li, J. Lucietti 2013, 

Generalization to higher dimension and matter: JL, Pawlowski 
2005, Kunduri, J. Lucietti 2009, 



on: 

gµ⌫dx
µdx⌫ :=

gABdx
AdxB � 2du

✓
dv � 2v! � 1

2
v2(div! + 2!2)du

◆

parametrized by: (xA, u, v)

Rµ⌫ = 0

Near Horizon Geometry spacetime

Pawłowski, JL, Jezierski 2003,  Kunduri, J. Lucietti 2009 - 
generalizations, Bardeen, Horowitz 1999 - the explicit example 
obtained by the near the Kerr extremal  horizon limit

S ⇥ R⇥ R
<latexit sha1_base64="jLObM9MlBCO2/J4/nsxikMEH6NQ=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVQlCgrGChbE8+pCaqHJcp7XqOJF9g1RFnVn4FRYGEGLlC9j4G5w2A7QcydLxOffq3nuCRHANjvNtlZaWV1bXyuuVjc2t7R17d6+l41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxhd5X77gSnNY3kP44T5ERlIHnJKwEg9+/DOAx4x7UUEhkGQ3U7m/z276tScKfAicQtSRQUaPfvL68c0jZgEKojWXddJwM+IAk4Fm1S8VLOE0BEZsK6hkphxfjY9ZYKPjdLHYazMk4Cn6u+OjERaj6PAVOYb6nkvF//zuimEF37GZZICk3Q2KEwFhhjnueA+V4yCGBtCqOJmV0yHRBEKJr2KCcGdP3mRtE5rrlNzb86q9csijjI6QEfoBLnoHNXRNWqgJqLoET2jV/RmPVkv1rv1MSstWUXPPvoD6/MHigSbbA==</latexit><latexit sha1_base64="jLObM9MlBCO2/J4/nsxikMEH6NQ=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVQlCgrGChbE8+pCaqHJcp7XqOJF9g1RFnVn4FRYGEGLlC9j4G5w2A7QcydLxOffq3nuCRHANjvNtlZaWV1bXyuuVjc2t7R17d6+l41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxhd5X77gSnNY3kP44T5ERlIHnJKwEg9+/DOAx4x7UUEhkGQ3U7m/z276tScKfAicQtSRQUaPfvL68c0jZgEKojWXddJwM+IAk4Fm1S8VLOE0BEZsK6hkphxfjY9ZYKPjdLHYazMk4Cn6u+OjERaj6PAVOYb6nkvF//zuimEF37GZZICk3Q2KEwFhhjnueA+V4yCGBtCqOJmV0yHRBEKJr2KCcGdP3mRtE5rrlNzb86q9csijjI6QEfoBLnoHNXRNWqgJqLoET2jV/RmPVkv1rv1MSstWUXPPvoD6/MHigSbbA==</latexit><latexit sha1_base64="jLObM9MlBCO2/J4/nsxikMEH6NQ=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVQlCgrGChbE8+pCaqHJcp7XqOJF9g1RFnVn4FRYGEGLlC9j4G5w2A7QcydLxOffq3nuCRHANjvNtlZaWV1bXyuuVjc2t7R17d6+l41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxhd5X77gSnNY3kP44T5ERlIHnJKwEg9+/DOAx4x7UUEhkGQ3U7m/z276tScKfAicQtSRQUaPfvL68c0jZgEKojWXddJwM+IAk4Fm1S8VLOE0BEZsK6hkphxfjY9ZYKPjdLHYazMk4Cn6u+OjERaj6PAVOYb6nkvF//zuimEF37GZZICk3Q2KEwFhhjnueA+V4yCGBtCqOJmV0yHRBEKJr2KCcGdP3mRtE5rrlNzb86q9csijjI6QEfoBLnoHNXRNWqgJqLoET2jV/RmPVkv1rv1MSstWUXPPvoD6/MHigSbbA==</latexit><latexit sha1_base64="jLObM9MlBCO2/J4/nsxikMEH6NQ=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVQlCgrGChbE8+pCaqHJcp7XqOJF9g1RFnVn4FRYGEGLlC9j4G5w2A7QcydLxOffq3nuCRHANjvNtlZaWV1bXyuuVjc2t7R17d6+l41RR1qSxiFUnIJoJLlkTOAjWSRQjUSBYOxhd5X77gSnNY3kP44T5ERlIHnJKwEg9+/DOAx4x7UUEhkGQ3U7m/z276tScKfAicQtSRQUaPfvL68c0jZgEKojWXddJwM+IAk4Fm1S8VLOE0BEZsK6hkphxfjY9ZYKPjdLHYazMk4Cn6u+OjERaj6PAVOYb6nkvF//zuimEF37GZZICk3Q2KEwFhhjnueA+V4yCGBtCqOJmV0yHRBEKJr2KCcGdP3mRtE5rrlNzb86q9csijjI6QEfoBLnoHNXRNWqgJqLoET2jV/RmPVkv1rv1MSstWUXPPvoD6/MHigSbbA==</latexit>

satisfies:

Given a solution gAB ,!A
<latexit sha1_base64="0S99wiANnA8RIHA5BX1m5JPiENk=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQkoigi7bunFZwT6gDWEynbRD5xFmJkqJ/RQ3LhRx65e482+ctllo64ELh3Pu5d57ooRRbTzv2ymsrW9sbhW3Szu7e/sHbvmwrWWqMGlhyaTqRkgTRgVpGWoY6SaKIB4x0onGNzO/80CUplLcm0lCAo6GgsYUI2Ol0C0Pw6zemJ7DvuRkiMI6DN2KV/XmgKvEz0kF5GiG7ld/IHHKiTCYIa17vpeYIEPKUMzItNRPNUkQHqMh6VkqECc6yOanT+GpVQYwlsqWMHCu/p7IENd6wiPbyZEZ6WVvJv7n9VITXwcZFUlqiMCLRXHKoJFwlgMcUEWwYRNLEFbU3grxCCmEjU2rZEPwl19eJe2Lqu9V/bvLSq2Rx1EEx+AEnAEfXIEauAVN0AIYPIJn8ArenCfnxXl3PhatBSefOQJ/4Hz+AMlukwc=</latexit><latexit sha1_base64="0S99wiANnA8RIHA5BX1m5JPiENk=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQkoigi7bunFZwT6gDWEynbRD5xFmJkqJ/RQ3LhRx65e482+ctllo64ELh3Pu5d57ooRRbTzv2ymsrW9sbhW3Szu7e/sHbvmwrWWqMGlhyaTqRkgTRgVpGWoY6SaKIB4x0onGNzO/80CUplLcm0lCAo6GgsYUI2Ol0C0Pw6zemJ7DvuRkiMI6DN2KV/XmgKvEz0kF5GiG7ld/IHHKiTCYIa17vpeYIEPKUMzItNRPNUkQHqMh6VkqECc6yOanT+GpVQYwlsqWMHCu/p7IENd6wiPbyZEZ6WVvJv7n9VITXwcZFUlqiMCLRXHKoJFwlgMcUEWwYRNLEFbU3grxCCmEjU2rZEPwl19eJe2Lqu9V/bvLSq2Rx1EEx+AEnAEfXIEauAVN0AIYPIJn8ArenCfnxXl3PhatBSefOQJ/4Hz+AMlukwc=</latexit><latexit sha1_base64="0S99wiANnA8RIHA5BX1m5JPiENk=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQkoigi7bunFZwT6gDWEynbRD5xFmJkqJ/RQ3LhRx65e482+ctllo64ELh3Pu5d57ooRRbTzv2ymsrW9sbhW3Szu7e/sHbvmwrWWqMGlhyaTqRkgTRgVpGWoY6SaKIB4x0onGNzO/80CUplLcm0lCAo6GgsYUI2Ol0C0Pw6zemJ7DvuRkiMI6DN2KV/XmgKvEz0kF5GiG7ld/IHHKiTCYIa17vpeYIEPKUMzItNRPNUkQHqMh6VkqECc6yOanT+GpVQYwlsqWMHCu/p7IENd6wiPbyZEZ6WVvJv7n9VITXwcZFUlqiMCLRXHKoJFwlgMcUEWwYRNLEFbU3grxCCmEjU2rZEPwl19eJe2Lqu9V/bvLSq2Rx1EEx+AEnAEfXIEauAVN0AIYPIJn8ArenCfnxXl3PhatBSefOQJ/4Hz+AMlukwc=</latexit><latexit sha1_base64="0S99wiANnA8RIHA5BX1m5JPiENk=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQkoigi7bunFZwT6gDWEynbRD5xFmJkqJ/RQ3LhRx65e482+ctllo64ELh3Pu5d57ooRRbTzv2ymsrW9sbhW3Szu7e/sHbvmwrWWqMGlhyaTqRkgTRgVpGWoY6SaKIB4x0onGNzO/80CUplLcm0lCAo6GgsYUI2Ol0C0Pw6zemJ7DvuRkiMI6DN2KV/XmgKvEz0kF5GiG7ld/IHHKiTCYIa17vpeYIEPKUMzItNRPNUkQHqMh6VkqECc6yOanT+GpVQYwlsqWMHCu/p7IENd6wiPbyZEZ6WVvJv7n9VITXwcZFUlqiMCLRXHKoJFwlgMcUEWwYRNLEFbU3grxCCmEjU2rZEPwl19eJe2Lqu9V/bvLSq2Rx1EEx+AEnAEfXIEauAVN0AIYPIJn8ArenCfnxXl3PhatBSefOQJ/4Hz+AMlukwc=</latexit> on S

<latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit><latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit><latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit><latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit>

we define:



The type D equation

d! =: dArea rotation pseudo scalar⌦

- a 2d-manifold

!Adx
A

<latexit sha1_base64="en86UIfodx/IwpWn5xEtwUuqHPE=">AAAB83icbVDLSsNAFL3xWeur6tJNsAiuSiKCLlvduKxgH9DEMplM2qHzCDMTsYT+hhsXirj1Z9z5N07bLLT1wIXDOfdy7z1Ryqg2nvftrKyurW9slrbK2zu7e/uVg8O2lpnCpIUlk6obIU0YFaRlqGGkmyqCeMRIJxrdTP3OI1GaSnFvxikJORoImlCMjJWCQHIyQP1G/PTQ6FeqXs2bwV0mfkGqUKDZr3wFscQZJ8JghrTu+V 5qwhwpQzEjk3KQaZIiPEID0rNUIE50mM9unrinVondRCpbwrgz9fdEjrjWYx7ZTo7MUC96U/E/r5eZ5CrMqUgzQwSeL0oy5hrpTgNwY6oINmxsCcKK2ltdPEQKYWNjKtsQ/MWXl0n7vOZ7Nf/uolq/LuIowTGcwBn4cAl1uIUmtABDCs/wCm9O5rw4787HvHXFKWaO4A+czx+ywpFy</latexit><latexit sha1_base64="en86UIfodx/IwpWn5xEtwUuqHPE=">AAAB83icbVDLSsNAFL3xWeur6tJNsAiuSiKCLlvduKxgH9DEMplM2qHzCDMTsYT+hhsXirj1Z9z5N07bLLT1wIXDOfdy7z1Ryqg2nvftrKyurW9slrbK2zu7e/uVg8O2lpnCpIUlk6obIU0YFaRlqGGkmyqCeMRIJxrdTP3OI1GaSnFvxikJORoImlCMjJWCQHIyQP1G/PTQ6FeqXs2bwV0mfkGqUKDZr3wFscQZJ8JghrTu+V 5qwhwpQzEjk3KQaZIiPEID0rNUIE50mM9unrinVondRCpbwrgz9fdEjrjWYx7ZTo7MUC96U/E/r5eZ5CrMqUgzQwSeL0oy5hrpTgNwY6oINmxsCcKK2ltdPEQKYWNjKtsQ/MWXl0n7vOZ7Nf/uolq/LuIowTGcwBn4cAl1uIUmtABDCs/wCm9O5rw4787HvHXFKWaO4A+czx+ywpFy</latexit><latexit sha1_base64="en86UIfodx/IwpWn5xEtwUuqHPE=">AAAB83icbVDLSsNAFL3xWeur6tJNsAiuSiKCLlvduKxgH9DEMplM2qHzCDMTsYT+hhsXirj1Z9z5N07bLLT1wIXDOfdy7z1Ryqg2nvftrKyurW9slrbK2zu7e/uVg8O2lpnCpIUlk6obIU0YFaRlqGGkmyqCeMRIJxrdTP3OI1GaSnFvxikJORoImlCMjJWCQHIyQP1G/PTQ6FeqXs2bwV0mfkGqUKDZr3wFscQZJ8JghrTu+V 5qwhwpQzEjk3KQaZIiPEID0rNUIE50mM9unrinVondRCpbwrgz9fdEjrjWYx7ZTo7MUC96U/E/r5eZ5CrMqUgzQwSeL0oy5hrpTgNwY6oINmxsCcKK2ltdPEQKYWNjKtsQ/MWXl0n7vOZ7Nf/uolq/LuIowTGcwBn4cAl1uIUmtABDCs/wCm9O5rw4787HvHXFKWaO4A+czx+ywpFy</latexit><latexit sha1_base64="en86UIfodx/IwpWn5xEtwUuqHPE=">AAAB83icbVDLSsNAFL3xWeur6tJNsAiuSiKCLlvduKxgH9DEMplM2qHzCDMTsYT+hhsXirj1Z9z5N07bLLT1wIXDOfdy7z1Ryqg2nvftrKyurW9slrbK2zu7e/uVg8O2lpnCpIUlk6obIU0YFaRlqGGkmyqCeMRIJxrdTP3OI1GaSnFvxikJORoImlCMjJWCQHIyQP1G/PTQ6FeqXs2bwV0mfkGqUKDZr3wFscQZJ8JghrTu+V 5qwhwpQzEjk3KQaZIiPEID0rNUIE50mM9unrinVondRCpbwrgz9fdEjrjWYx7ZTo7MUC96U/E/r5eZ5CrMqUgzQwSeL0oy5hrpTgNwY6oINmxsCcKK2ltdPEQKYWNjKtsQ/MWXl0n7vOZ7Nf/uolq/LuIowTGcwBn4cAl1uIUmtABDCs/wCm9O5rw4787HvHXFKWaO4A+czx+ywpFy</latexit>

-  a  1-form

S
<latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAq elXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit><latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAq elXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit><latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAq elXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit><latexit sha1_base64="UUihRRRWgqRHJIqtQNGTJN/yvV0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAq elXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBriWM1w==</latexit>

(r(0,1))2(K � ⇤

3
+ i⌦)�

1
3 = 0

<latexit sha1_base64="TVSAp75bdBXAp3UBUzjMWRW3rzw="></latexit><latexit sha1_base64="TVSAp75bdBXAp3UBUzjMWRW3rzw="></latexit><latexit sha1_base64="TVSAp75bdBXAp3UBUzjMWRW3rzw="></latexit><latexit sha1_base64="TVSAp75bdBXAp3UBUzjMWRW3rzw="></latexit>

r(0,1)T := rz̄T ⌦ dz̄
<latexit sha1_base64="tZ8GsoKkbLmQQsgr3b1hikke1WE="></latexit><latexit sha1_base64="tZ8GsoKkbLmQQsgr3b1hikke1WE="></latexit><latexit sha1_base64="tZ8GsoKkbLmQQsgr3b1hikke1WE="></latexit><latexit sha1_base64="tZ8GsoKkbLmQQsgr3b1hikke1WE="></latexit>

gABdx
AdxB = gzz̄(dz ⌦ dz̄ + dz̄ ⌦ dz)

<latexit sha1_base64="eUqi/rOCMLuGeyJ/F8duqJ7Hkok="></latexit><latexit sha1_base64="eUqi/rOCMLuGeyJ/F8duqJ7Hkok="></latexit><latexit sha1_base64="eUqi/rOCMLuGeyJ/F8duqJ7Hkok="></latexit><latexit sha1_base64="eUqi/rOCMLuGeyJ/F8duqJ7Hkok="></latexit>

JL, Pawłowski  2001             , axi-symmetric solutions on 
topological sphere  a local no-hair theorem   
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This equation knows the secret of the uniqueness of the  
Kerr black-hole



Local  approach to black holes 

Black holes in equilibrium:  
non-expanding and shear-free null surfaces in 4d 
spacetime - horizons. 

A. Ashtekar, C. Beetle, JL:

Geometry of Generic Isolated Horizons 2002 
Mechanics of Rotating  Isolated Horizons 2001

JL, Tomasz Pawłowski:  
Geometric Characterizations of the Kerr Isolated Horizon 2002



Killing to the 2nd order horizon

`

`µ`µ = 0

in 4d spacetime

Ltgµ⌫ = 0

[Lt,rµ] = 0

LtRµ⌫↵� = 0

t t
t= `

H
M

}
M Gµ⌫ + ⇤gµ⌫ = 0Assumption about                 :

such that exists:

Such that

, gµ⌫

, gµ⌫

3d null surface



Resulting constraints on the horizon geometry                  

`

surface gravity

 8

H

determine all the 

Assumption:
gab, ra

!(`)
a `a =: (`)

(`) = const
The 0th low of BH thermodynamics

(`) 6= 0

ra

i)

ii)

ra`
b = !(`)

a `b

gab, !(`)
a

rotation potential



Free data on a 2d slice

gAB

`

!A

g0AB = gAB!0
Ag0AB

!0
A = !A + f,A

Technically important assumptions:     

H

++

gAB ,!A determines gab,!
(`)
a determines gµ⌫ ,rµ, Rµ⌫↵�

` 6= 0
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everywhere and
the existence of a global section (see Dobkowski-Rylko’s talk) 



Gaussian curvature:

Scalar invariants:

Horizon cross section geometry

2d-surface

(gAB ,!A)Endowed with

S

rA

modulo

combined:d! =:

K

dArea

!0
A = !A + f,A

- the corresponding derivative rAgBC = 0 r[ArB]f = 0

Rotation scalar: ⌦

 := �1

2
(K + i⌦)



Possible Petrov types 
The spacetime Weyl tensor at        is determined by the  
data    

                                   Theorem:
The possible  Petrov types of H are:
                       I,  II,  D,  III,  N,  O

 +
⇤

6
= 0

 +
⇤

6
6= 0

,  O

) generically II, unless… 

K =
⇤

3
d! = 0

wherein:

,

H

(S, gAB ,!A)



The Petrov type D equation

gAB = mAm̄B + m̄AmB

At H the spacetime Weyl tensor is of the Petrov type D
iff  the following two conditions are satisfied by the 
invariants of    : 

Theorem 1:

 +
⇤

6
6= 0

m̄Am̄BrArB ( +
⇤

6
)�

1
3 = 0

We use a null 2-frame

AreaBC = i(m̄BmC � m̄CmB)d

Remark: a continues function  

S

✓
 +

⇤

6

◆� 1
3

exists locally on S



m̄Am̄BrArB ( +
⇤

6
)�

1
3 = 0

gAB = mAm̄B + m̄AmB AreaBC = i(m̄BmC � m̄CmB)d

 +
⇤

6
6= 0

Symmetries:

� : S ! S

The non-continuity of                :    use a covering                                     ( +
⇤

6
)�

1
3

(S, gAB ,!A) ! (S̃, g̃AB , !̃A) s.t. ( ̃+
⇤

6
)�

1
3 continues

m0
A = m̄A, !0

A = !A

g0 = �⇤g, !0 = �⇤!

g0 = g, !0 = ! + df



 Relation with the Near Horizon Geometry Equation

Suppose (gAB ,!A)satisfy the NHG equation, namely 

r(A!B) + !A!B +
1

2
(⇤�K)gAB = 0

Theorem 2:

Then they also satisfy the Petrov type D equation:

m̄Am̄BrArB( +
1

6
⇤)�

1
3 = 0

 +
1

6
⇤ 6= 0and



Non-twisting 
of the second principal null direction of the Weyl tensor  

gAB

`

!A

Suppose (gAB ,!A)satisfy the NHG equation, namely 
r(A!B) + !A!B +

1

2
(⇤�K)gAB = 0

Theorem 3:

Then the null vector 

S
n0

n0

orthogonal to the 
corresponding slice S

is a double principal direction 
of the spacetime Weyl 

tensor at H.
In that case there exists another 

symmetry t’ that is extremal  the converse true for rotating



The  holomorphic  form of the type D equation

gABdx
AdxB =

2

P 2
dzdz̄

@z̄(P
2@z̄( +

⇤

6
)�

1
3 ) = 0

mA@A = P@z

The Petrov type D equation reads:

z0 = f(z)

X = Xz@z +X z̄@z̄ =: X(1,0) +X(0,1)

X := gAB@B( +
⇤

6
)�

1
3 @A

X(1,0)

is a holomorphic vector

,



The Petrov type D equation on      of genus > 0 

gABdx
AdxB =

2

P 2
dzdz̄

@z̄(P
2@z̄( +

⇤

6
)�

1
3 ) = 0

mA@A = P@z

The Petrov type D equation:

)

) F (z)@z

is a globally defined holomorphic vector field

S

) F (z) = const

F (z) = 0

if genus =1 

if genus >1 

@z̄
�
 +

⇤

6

�� 1
3 =

F (z)

P 2



The Petrov type D equation on      of genus > 0 

Theorem 4. 
Suppose     is a compact 2-surface of genus >0. 
The only solutions to the Petrov type D equation with a 
cosmological constant      are                 such that 

S

⇤ (g,!)

d! = 0 K = const 6= ⇤

3
and

Corollary: There are no rotating solutions

S



The Petrov type D equation  on topological  spheres. 

The family of axisymmetric solutions of the Petrov type D 
equation with (or without) cosmological constant defined 
on a topological sphere can be parametrized by two 
numbers  (A,J): the area and angular momentum, 
respectively. They take the following   values in              :                R+ ⇥ R

Theorem 5:

J 2
✓
�1,1

◆
and A 2

✓
0,1

◆

J 2
✓
�1,1

◆
for A 2

✓
0,

12⇡

⇤

◆
and |J | 2


0,

A

16⇡

r
⇤ A

12⇡
� 1

◆
for A 2

✓
12⇡

⇤
,1

◆
⇤ > 0

⇤  0

S = S2 g, d!, axi-symmetric



The embedding in spacetimes

All the horizons obtained via  Theorem 5 can be embedded 
either in non-extremal Kerr-(anti) de Sitter spacetime or in 
so called near horizon geometry spacetime obtained by 
the  near extremal  horizon limit. The embedding preserves
intrinsic geometry of each horizon: 

gab,ra

The existence problem for non-axisymmetric solutions on 
topologically spherical S is open.  



A bifurcated Petrov type D horizon: data

S

H
H

0

g0AB = gAB

 0 =  ̄

!0
A = �!A

suggested by Racz 2018



A bifurcated Petrov type D horizon: equations

The Petrov  

m̄Am̄BrArB( +
1

6
⇤)�

1
3 = 0

type D equations

and for H’:

mAmBrArB( +
1

6
⇤)�

1
3 = 0

for H:

hold simultaneously on         S

JL, A. Szereszewski 2018

) additional (axial) symmetry

 2018M.J. Cole, I. Rácz, J.A. Valiente Kroon



In conformally flat coordinates

gABdx
AdxB =

2

P 2
dzdz̄

@z̄(P
2@z̄( +

⇤

6
)�

1
3 ) = 0

mA@A = P@z

@z(P
2@z( +

⇤

6
)�

1
3 ) = 0 @z( +

⇤

6
)�

1
3 =

Ḡ(z̄)

P 2

@z̄( +
⇤

6
)�

1
3 =

F (z)

P 2

@z

✓
F (z)

P 2

◆
@z̄

✓
Ḡ(z̄)

P 2

◆
=

)

)

)

) L�gAB = 0 � := F (z)@z � Ḡ(z̄)@z̄

L� d! = 0)

@z@z̄( +
⇤

6
)�

1
3 = @z̄@z( +

⇤

6
)�

1
3

= X(1,0) �X(0,1)



Suppose (gAB ,!A) defined on      satisfy the Petrov type D   

Theorem 6:
The axial symmetry without the rigidity theorem

m̄Am̄BrArB( +
1

6
⇤)�

1
3 = 0

and the conjugate one
mAmBrArB( +

1

6
⇤)�

1
3 = 0

Then, there is  a vector field       at      such that   

S

equation 

� S

L�gAB = 0 L�d! = 0and 

�A = Re/Im

✓
dAreaAB@A( +

⇤

6
)�

1
3

◆

Corollary: the axial symmetry on S = S2
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Application to the NHG equation

Suppose (gAB ,!A)

and satisfy the NHG equation: 

r(A!B) + !A!B +
1

2
(⇤�K)gAB = 0

Lemma:

Corollary:                also satisfy the Petrov type D equation:

m̄Am̄BrArB( +
1

6
⇤)�

1
3 = 0

 +
1

6
⇤ 6= 0Then

.

are defined on a compact 2d  S

(gAB ,!A)



Application to the NHG equation

Suppose (gAB ,!A)

and satisfy the NHG equation: 

r(A!B) + !A!B +
1

2
(⇤�K)gAB = 0

Theorem 7:

;

are defined on a compact 2d  S

Suppose 
�E(S)  0

Then K = ⇤  0, !A = 0

Dobkowski-Ryłko, Kamiński, JL, Szereszewski



Summary

• The type D equation: 

• Non-twisting of the second double principal vector if: 

• All the axisymmetric solutions of the type D eq. on topological sphere parametrized 
by (A, J); 

• All solutions on genus>0 derived (non-rotating); 

• The extra (axial) symmetry in the case of bifurcated horizon; 

• Open problems: existence of non-axisymmetric solutions on topological sphere 
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Complete solution of the NHG equation for non-zero genus



Thank you


