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Outlook and motivations
(Lukierski et al.,Majid et al.”90,Ballesteros et al.2000s-) (Amelino-Camelia et al.2000s-)

. A—0 . , .
@ g-de Sitter — «-Poincaré — Quantum Gravity / Planck-scale DSR phenomenology:
e.g. gamma ray bursts, astrophysical neutrinos. Interplay between comsological expansion
A ~1078sec™? and k ~ M ~ 101°GeV

@ Do they arise from more fundamental approaches to quantum gravity?

(Amelino-Camelia+Starodubtsev+Smolin2004,

o Low energy limit of 4D QG, some hints: g . >0¢ Girelli-+Livine2010)

o 3D gravity: theory is topological — more manageable
Some evidence for k-symmetries (Freidel+Kowalski-Glikman+Smolin2004, Freidel+Livine2006)

However: more systematic analysis (Moesburger+Schroers2009) 3D gravity as
Chern-Simons, particle as “puncture”, quantized phase space encoded in r-matrix

. The r-matrix used in the literature for k-Poincaré is not compatible
negative result! . . . .
—_— with the scalar product defining the Chern-Simons action

@ New results (G.R.2017) give positive answer

o Different r-matrix constructively derived from first principles.

o Use an approach relying on the “quantum duality principle” (Drinfeld1987,
Semenov-Tian-Shansky1992) between Hopf algebras and (dual) Poisson Lie groups proposed
in (Ballesteros+Musso2013) to derive the quantized particle phase space and the deformed
relativistic symmetries
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(2+1)D de Sitter spacetime symmetries

(2+1)ds (2+1)dS = SO(3,1)
[E,Pa] = ANg, [P1,P2] = AM,

[Na, E1 = P4, [Nas Pyl = =0wpE,  [N1,N2] = -M,
[M,Ng] = € No, M, Pl =€ Py, [M,E]=0,

E=-VAKs, P,=-VAeyJy, M=Jy, N,=-K,,

[Ji,Jf] = €k, [-’ivl(j] = €Kk, [Ki,Kj] = €,

In 4D gravity homogeneous isotropic universe with positive cosmological constant driven
expansion: H = a/a ~ VA ~ 107"%sec™!. Maximally symmetric: 10 spacetime symmetry
generators (Bacry+Levy-Leblond1968, Cacciatori+Gorini+Kamenshchik2016)



(2+1)D de Sitter spacetime symmetries

2+1)ds (2+1)dS = SO(3,1)
E,P,] = AN,, Py,Py] =AM,
[E, P4l a [P1, P2] E=-VAK;, Py=-Vhepdy, M=Js, N,=-K,
(Na.E1 = ~Pa,  [NuPy] = ~SaE.  [N1.N2] = =M,
[M.Nal = € Np. [M.Pal = € Py, [M.E] =0, e di) = i [n5] = ek [Kio )] = e

N - s0(3, e ~ su(2) @c su(2)
matrix representation  so(3, 1)

1 1
1 L= 3 Vi +iK), Ri= 5 (J; — iK;)
pWUi) = EfijkM/kv p(Ki) = Moi,  (Mag)kr = 1akOBL — NBKOAL

[Mag, Mcpl = {napMgc + npc Map — 1ac Msp — nep Mac)
g = exp (1" Mug) = exp iip U) + kip (K1),

[Li L] = cles  [RiR}] = €eRes [LinRi] =0

2€S0G, 1) g = 818 = exp{lip (L)} exp {rip (R)}
li = ji — iki ri = Jji + iki, li=r}
3D gravity basis
Cartan-Wey] basis Jo==Js Ja=Ka, reality conditions
HY =ils, XL=i(L +ily) Py = VAKs, P.= VA,
HR =iR;, XR=i(R, +iRy)

==, K =K
[T Tv] = €wpT?, [T Po] = €
[H.H|=0. [H'XL]==oyX]

Jo=-Jo» Toq=Ta
[Xi,x{]:m,,ﬂ’, 1,J=LR

C1=PﬂP#—AJ)‘J“, C2=P‘,Jp




Chern-Simons (2+1)D A-gravity with particle

(Witten1988, Alekseev+Malkin1994, Meusburger+Schroers2000*)

@ Chern-Simons action with de Sitter as gauge group G
@ manifold M =X xR: 2D Riemannian surface (space) - segment of the real line (time)

@ particles as punctures (conical defects) on X.

S=x« f ar f (9iAs A Ax = 9(&0)g™" 918 + Ao (kFx — 9(€)6°(E - X)dx" A dx2)>3
R z

Cartan connection inner product
coupling constant A= w,T" + e, P G =P J" coaﬁfjoint 0~rbit
o= ~ My U &0 =mPo + 570, et
= o ~ g
4nG A =Apdt + As B(J s Pr) = M £=Ad"& :P‘up;z +j"J,,
Fy=dAs +Az N As BT J,) = BP,P) =0
duality

{PusTut =1lejt€g

(ANAY = Blenep (AT nN)  PwTul=le)eq”
(X,Ad;Y) = (g7'Xg. V)

¢F) =Py, $P) =1,

(&, ej) = 0j



phase space

@ The particle’s momenta are the parameters of the dual Poisson-Lie group (G*, 1) associated to
&= Adggo = p"Pu+ 19,
the coadjoint orbit e . - "e "
&0 =mPo +sJo

@ The infinitesimal counterpart of (G*, 1) is the Lie bialgebra (g%, 6*) dual to the coboundary Lie
bialgebra (g, §) with co-commutator
5X) = Y (X, ) |91+181X, r2))

o the r-matrix r; = z(r4 + r—) must be compatible with the inner product defining the CS action

B(Ju, Pv) = v,

C=P,IJ* >
2= T2 BT = B Py = 0

>5rn=,9P+P, I

@ zcan be interpreted as a quantum deformation parameter to be determined

o The quantization of (G*, 1) provides the Hopf algebra (U,(g),A;)  (quantum duality principle)
of the relativistic symmetry generators corresponding to the particle’s momenta

(G*. 4,05 — (67, A) = (U.(9),A)



r-matrix r; = Z(r+ + r—) symmetric part
e =J, 9P +P, 0 J"

Jo=-Jo. Jz=Ta
Py =Po, Pi=—Pa

antisymmetric part reality conditions
classical Yang-Baxter equation (CYBE) deformation parameter 790 = 2(r)
[[r, 71l = [r12, i3] + [r12, ra3] + [r13, 1231 = 0 l.reR=>6eR=g"€R 2(a®b) = (bga)
=y 1&--ersle- er?e ol =z purely imaginary R isreal & Q = R R
— (g, 0) is coboundary and quasitriangular 2. [ =[Pl = [z] k! “quantum inverse Killing form”
r = imye™ (7, @P, + P, 0.7, = 1. is “timelike” is self-adjoint
mim, =1, m, = (1,0,0) (MajidFoundations1995)

r = ﬁ(g;ww +Pu0J") - %ev(j 8P +Pi®J))

r; =rp + 1R, LR = ZLR (HL'R ®HL’R + Xi"R ®XE) R 7L =—-Ir = 2 ‘/X/K
Uy(su(2)) : q=expz, RE®) = (R)

qL = q;el (Cianfrani+Kowalski-Glikman+Pranzetti+G.R.2016)



Dual Lie bialgebra r=z(HOH+X, ®X.)

Aim: derive the Poisson-Lie structure A on G*,
i.e. the Poisson brackets between the parameters of G*: g* = exp(p;e’) {e'}€g

5

dual Lie bialgebra [H,X:]=+X. [X4,X-]1=2H

g: [e,-,ej] = cl.jkek, 0:6(e) :fijkei®ej S(H)=0, (X=X AH, S(X-)=2X-AH
g [ei,ej] =fijkek, 616" (ei) = cjkiej®ek [H’ i] - [X+’X_] =0
5" (H) =2%, AX_, & (S(i) =+H AKX,

aNb=a®b-b®a

Sklyanin bracket

Constructive procedure based on the quantum duality principle proposed by (Ballesteros+Musso2013)



Dual Lie group
adjoint representation of g*: (o (é,-))j( = —fijk
) 0 0 0 ) 0 -z 0 )
(338} ol § ) o

Element of G*
B B B 1 -z -
g =exp (hp (H)) exp (x+p (X+)) exp (x_p (X_)) = [ 8 e 0 ]

Alternative parametrization

1 —zez”//zxﬂr
g =exp (h'p (I:I) /2) exp (xﬂrp (5(4.)) exp (x/,p (X’_ )) exp (/1'p (I:I) /2) = [ 0 &
0 0

Coproduct «— product in G*

Al —zAx,  —zAx_
0 Ae? 0 ]
0 0 Aeth

Al=1®1, Ah=h®1+18®h, Axs =x: @ +1®@xs
Al=1®1, A =Kel+1eh, A =x, 0 ?+?

-zl ®x_

1@eh

’
® x5

|



Poisson structure A on G*: g* = exp(piei) (€'} € g*

Conditions on {, },
L {a@). A}, = A({piopy) )
2. {pipjla = ¢;f* + o(p?)

solve analitically

{Xi,xj'}d =Qj= Zﬁijk/FkF/
ol

(Fi o= {Lhxeox, )

leief] = cjfer, e €g
{h,xs} = £xa, {n',x,} = £x,
2zh . ,
e —1 ;. sinh (zh
e, x ) = —2xx {X+,x_}=2%

(G". .85 — (G".8) = (U=(9). A2)
Quantize as a Hopf algebra: (h,xs) — (H,X.)
L1—101



g-de Sitter

crucial for the convergence of A when A — 0
Uy(su(2)) @ U (su(2))
(Cianfrani+Kowalski-Glikman+Pranzetti+G.R.2016)
(Celeghini+Giachetti+Sorace+Tarlini1991)

z/2
X > \ sinh (z/2) X

VA
Py = T(xffxbrx'jfx’f)
= = i VA
(A, Xo] = X, [Xe, X P2=—l\[(Xf+Xf+Xf+Xf)
AH=H®1+1®H, AX,=X,0? ¥ ?2gx,

E= \/X(HL—HR), M:—i(HL+HR)

N = %(xi+xf—x’j—xf)

i

[E,Pa]l = ANa,  [Na,E]=—Pq

sin ( \mM/k)
[P1,P;] = A—————= cosh (E/k)
sinh ( VA/«)
_ sinh (E/«)
[Nay Pyl = =0 VA o (V) cos (VAM /)
sin ( \/KM//()
[Ni,N2] = = ————— cosh(E/«)
sinh ( VA/)

[M.N,1=€¢/Ny, [M.P]=¢’P,, [M.E]=0

Nz:—z(xf—xf—xf+x’,‘)

AE=EQ®I+1QE, AM=M®1+1®M

1 VA _1 VA
AP, =P, ® e2E/* cos| —M |+ e 25¥ cos| — M |® P,
2k 2k
1 VA 1 VA
—€w | VAN, ® e2%%sin| =—M |- VAe 25/ sin| =—M|® N,
2k 2k
1 VA 1 VA
AN, =N, ®efE/’(cos[2—KM)+e’TE/Kcos(z—M)®Na
K

1 1 A 1 1 A
—ew | —=Py ® 25 sin £M - —e 28 £M ® P,
VA M)A 2



A — 0 contraction to x-Poincaré

[E,P,]=0, [P1,P2]1=0, [Ny El=-P,
[Ng, Pp] = —Oapk sinh (E/k) , [N1,N3] = —M cosh (E/«)
[M,N,] = €Ny, [M,Pl=¢bPy,  [M,E]=0
AE=EQ1+1QF, AM=MO1+1M
AP, =P, @3tk 4 ¢ 1t g p,

1
AN, =N, @bl 4 e_%E/"QDNa = 5 ab (P;,@e%E/"M—e_%E/KM@Pb)
K



Bicrossproduct basis

[E, Pa] = ANw [Na’ E] = _Pm
b Bl A sin (ZVXM/K) oo sin (2 \/KM/K)
[ b 2]_ 2 sinh(‘ﬂ/x) ' [ a 2]__5 sinh(\/X/K) ’

e S (1)
aTp|=————F—— | ——F— — S —
sinh(g) 2 K

- ‘SZL: (P2 - AR?) + % (PaPy = ANuNy),
[M,Naj =¢elNy, llf/l,i’a] =¢elPy,

Contracts for A — 0 to k-Poincaré in bicrossproduct basis




g-de Sitter non-commutative spacetime

(0.6) — G: g=exp(hH +%X, +% X)

(g, 6) is coboundary
U
Sklyanin bracket
[ab) = %r’ (XF A XF = XE A XY @oh) {hx) = o {84, 31 =0
d —te; d te;
X @ = 2| fes). xbr@= 2| r(ee)
gdas = exp(E + x“P, + 0J + £&°N,) = grgr
‘= zlm(if ), o= L (i)
1
| Y % A R _ =
X_Z\/K(+ R f) [;ju]:_ijca [i,‘fﬂ]:—%”,
LI A S S
# = pyg et ) po]=tep ] --Rap
| A S
&= 5( Lart - -3 [9’;] _ [g_«aé}b] _ [Aa’;cb] _ ["a )»Cb] -0
3
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