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T 
Fig. 1. Schematic phase diagram of hadronic matter. PB is the 
density of baryonic number. Quarks are confined in phase I 
and unconfined in phase II. 

a hadron consists of a bag inside which quarks are con- 
fined. If many hadrons are present, space is divided in- 
to two regions: the "exterior" and the "interior". At 
low temperature the hadron density is low, and the 
"interior" is made up of disconnected islands (the 
hadrons) in a connected sea of "exterior". By increas- 
ing the temperature, the hadron density increases, and 
so does the portion of space belonging to the 
"interior". At high enough temperature we expect a 
transition to a new situation, where the "interior" has 
fused into a connected region, with isolated ponds and 
lakes of exterior. Again, in the high temperature state, 
quarks can move throughout space. We note that this 
picture of  the quark liberation is very close to that of 
the droplet model of  second order phase transitions 
[13]. 

We expect the same transition to be also present at 
low temperature but high pressure, for the same reason, 
i.e. we expect a phase diagram of the kind indicated in 
fig. 1. The true phase diagram may actually be substan- 

tially more complex, due to other kinds of transitions, 
such as, e.g. those considered by Omnes [14]. 

We note finally that, although the two alternatives 
(phase transition or limiting temperature) give rise to 
similar forms for the hadronic spectrum, the equation 
of state for high densities is radically different. In the 
first case we may expect the equation of state to be- 
come asymptotically similar to that of a free Fermi 
gas, while the limiting temperature case leads to an ex- 
tremely "soft" equation of state [15]. This difference 
has important astrophysical implications [ 16]. 
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• Learn about phase structure of QCD
• Understand emission structure
• Explore composite particles
• Investigate influence on fluctuation observables

Max Born Symposium 2019

Volume 59B, number 1 PHYSICS LETTERS 13 October 1975 

T 
Fig. 1. Schematic phase diagram of hadronic matter. PB is the 
density of baryonic number. Quarks are confined in phase I 
and unconfined in phase II. 

a hadron consists of a bag inside which quarks are con- 
fined. If many hadrons are present, space is divided in- 
to two regions: the "exterior" and the "interior". At 
low temperature the hadron density is low, and the 
"interior" is made up of disconnected islands (the 
hadrons) in a connected sea of "exterior". By increas- 
ing the temperature, the hadron density increases, and 
so does the portion of space belonging to the 
"interior". At high enough temperature we expect a 
transition to a new situation, where the "interior" has 
fused into a connected region, with isolated ponds and 
lakes of exterior. Again, in the high temperature state, 
quarks can move throughout space. We note that this 
picture of  the quark liberation is very close to that of 
the droplet model of  second order phase transitions 
[13]. 

We expect the same transition to be also present at 
low temperature but high pressure, for the same reason, 
i.e. we expect a phase diagram of the kind indicated in 
fig. 1. The true phase diagram may actually be substan- 

tially more complex, due to other kinds of transitions, 
such as, e.g. those considered by Omnes [14]. 

We note finally that, although the two alternatives 
(phase transition or limiting temperature) give rise to 
similar forms for the hadronic spectrum, the equation 
of state for high densities is radically different. In the 
first case we may expect the equation of state to be- 
come asymptotically similar to that of a free Fermi 
gas, while the limiting temperature case leads to an ex- 
tremely "soft" equation of state [15]. This difference 
has important astrophysical implications [ 16]. 

References 

[1] R. Hagedorn, Nuovo Cimento Suppl. 3 (1965) 147 
[2] R. Hagedorn and J. Ranft, Nuovo Cimento Suppl. 6 

(1968) 169. 
[3] K. Johnson, Phys. Rev. D6 (1972) 1101. 
[4] A. Chodos et al., Phys. Rev. D9 (1974) 3471. 
[5] G. Parisi, Quark imprisonment and vacuum repulsion, 

Phys. Rev. D l l  (1975) 956. 
[6] R. Dashen, S. Ma and H.J. Bernstein, Phys. Rev. 187 

(1969) 349. 
[7] Any book on statistical mechanics, e.g., K. Huang, Sta- 

tistical Mechanics (John Wyley Inc. New York 1963). 
[8] S. Fratchi, Phys. Rev. 3 (1971) 2821. 
[9] S. Fubini and G. Veneziano, Nuovo Cimento 64A (1969) 

881. 
[10] K. Huang and S. Weinberg, Phys. Rev. Letters 25 (1970) 

895. 
[ 11 ] P.G. De Gennes, Superconductivity of metals and alloys 

(W.J. Benjamin, New York 1966). 
[ 12] S. Weinberg, Gauge and global symmetries at high tem- 

perature, Phys. Rev. D to be published. 
[13] M.E. Fisher, Physica 3 (1967) 255. 
[14] R. Omnes, Physics Reports 3C (1972) 1. 
[151 R. Hagedorn, Astron. and Astrophys. 5 (1970) 184. 
[16] C.E. Rhoades and R. Ruffini, Astrophys. J. 163 (1971) 

83. 

69 

Vo
lum
e 5
9B
, n
um
be
r 1
 

PH
YS
IC
S L
ET
TE
RS
 

13
 O
cto
be
r 1
97
5 

T 

Fig
. 1
. S
ch
em
ati
c p
ha
se 
dia
gra
m 
of 
ha
dro
nic
 m
att
er.
 PB
 is 
the
 

de
nsi
ty 
of 
ba
ryo
nic
 nu
mb
er.
 Q
ua
rks
 ar
e c
on
fin
ed
 in
 ph
ase
 I 

an
d u
nc
on
fin
ed
 in
 ph
ase
 II.
 

a h
ad
ro
n 
co
ns
ist
s o
f a
 ba
g i
ns
ide
 w
hic
h q
ua
rk
s a
re 
co
n- 

fin
ed
. I
f m
an
y h
ad
ro
ns
 ar
e p
res
en
t, 
sp
ac
e i
s d
ivi
de
d i
n- 

to 
tw
o 
reg
ion
s: 
the
 "e
xt
er
io
r" 
an
d t
he
 "i
nte
rio
r".
 A
t 

low
 te
mp
era
tur
e t
he
 ha
dr
on
 de
ns
ity
 is
 lo
w,
 an
d t
he
 

"in
ter
ior
" i
s m
ad
e u
p o
f d
isc
on
ne
cte
d 
isl
an
ds
 (t
he
 

ha
dr
on
s) 
in 
a c
on
ne
cte
d 
sea
 of
 "e
xte
rio
r".
 B
y i
nc
rea
s- 

ing
 th
e t
em
pe
rat
ur
e, 
the
 ha
dr
on
 d
en
sit
y i
nc
rea
ses
, a
nd
 

so
 do
es
 th
e p
or
tio
n 
of
 sp
ac
e b
elo
ng
ing
 to
 th
e 

"in
ter
ior
". 
At
 hi
gh
 en
ou
gh
 te
mp
era
tur
e w
e e
xp
ec
t a
 

tra
ns
iti
on
 to
 a 
ne
w 
sit
ua
tio
n, 
wh
ere
 th
e "
int
eri
or
" h
as 

fus
ed
 in
to 
a c
on
ne
cte
d 
reg
ion
, w
ith
 is
ola
ted
 po
nd
s a
nd
 

lak
es 
of
 ex
ter
ior
. A
ga
in,
 in
 th
e h
igh
 te
mp
era
tur
e s
tat
e, 

qu
ark
s c
an
 m
ov
e t
hr
ou
gh
ou
t s
pa
ce
. W
e n
ote
 th
at 
thi
s 

pic
tur
e o
f t
he
 qu
ark
 li
be
rat
ion
 is
 ve
ry
 cl
os
e t
o 
tha
t o
f 

the
 dr
op
let
 m
od
el 
of
 se
co
nd
 or
de
r p
ha
se 
tra
ns
iti
on
s 

[13
]. W

e e
xp
ec
t t
he
 sa
me
 tr
an
sit
ion
 to
 be
 al
so
 pr
es
en
t a
t 

low
 te
mp
era
tur
e b
ut 
hig
h p
res
su
re,
 fo
r t
he
 sa
me
 re
aso
n, 

i.e
. w
e e
xp
ec
t a
 ph
ase
 di
ag
ram
 of
 th
e k
ind
 in
dic
ate
d i
n 

fig
. 1
. T
he
 tr
ue
 ph
ase
 di
ag
ram
 m
ay
 ac
tua
lly
 be
 su
bs
tan
- 

tia
lly
 m
or
e c
om
ple
x, 
du
e t
o 
oth
er 
kin
ds
 of
 tr
an
sit
ion
s, 

su
ch
 as
, e
.g.
 th
os
e c
on
sid
ere
d b
y O
mn
es
 [1
4].
 

W
e n
ote
 fi
na
lly
 th
at,
 al
tho
ug
h 
the
 tw
o 
alt
ern
ati
ve
s 

(p
ha
se
 tr
an
sit
ion
 o
r l
im
iti
ng
 te
mp
era
tur
e) 
giv
e r
ise
 to
 

sim
ila
r f
or
ms
 fo
r t
he
 ha
dr
on
ic 
sp
ec
tru
m,
 th
e e
qu
ati
on
 

of
 st
ate
 fo
r h
igh
 de
ns
iti
es 
is 
rad
ica
lly
 di
ffe
ren
t. 
In
 th
e 

fir
st 
ca
se 
we
 m
ay
 ex
pe
ct 
the
 eq
ua
tio
n o
f s
tat
e t
o b
e- 

co
me
 as
ym
pto
tic
all
y s
im
ila
r t
o 
tha
t o
f a
 fr
ee
 F
erm
i 

ga
s, 
wh
ile
 th
e l
im
iti
ng
 te
mp
era
tur
e c
ase
 le
ad
s t
o a
n e
x- 

tre
me
ly 
"s
of
t" 
eq
ua
tio
n 
of
 st
ate
 [1
5].
 T
his
 di
ffe
ren
ce
 

ha
s i
mp
or
tan
t a
str
op
hy
sic
al 
im
pli
ca
tio
ns
 [ 1
6].
 

Re
fer
en
ces
 

[1]
 R
. H
ag
ed
orn
, N
uo
vo
 C
im
en
to 
Su
pp
l. 
3 (
19
65
) 1
47
 

[2]
 R
. H
ag
ed
orn
 an
d J
. R
an
ft,
 N
uo
vo
 C
im
en
to 
Su
pp
l. 
6 

(19
68
) 1
69
. 

[3]
 K
. J
oh
ns
on
, P
hy
s. 
Re
v. 
D6
 (1
97
2) 
11
01
. 

[4]
 A
. C
ho
do
s e
t a
l., 
Ph
ys.
 R
ev
. D
9 (
19
74
) 3
47
1. 

[5]
 G
. P
ari
si, 
Qu
ark
 im
pri
so
nm
en
t a
nd
 va
cu
um
 re
pu
lsi
on
, 

Ph
ys.
 R
ev
. D
ll 
(19
75
) 9
56
. 

[6]
 R
. D
ash
en
, S
. M
a a
nd
 H
.J.
 B
ern
ste
in,
 Ph
ys.
 R
ev
. 1
87
 

(19
69
) 3
49
. 

[7]
 A
ny
 bo
ok
 on
 st
ati
sti
ca
l m
ec
ha
nic
s, 
e.g
., K
. H
ua
ng
, S
ta-
 

tis
tic
al 
Me
ch
an
ics
 (J
oh
n W
yle
y I
nc
. N
ew
 Y
ork
 1
96
3).
 

[8]
 S
. F
rat
ch
i, 
Ph
ys.
 R
ev
. 3
 (1
97
1) 
28
21
. 

[9]
 S
. F
ub
ini
 an
d G
. V
en
ez
ian
o, 
Nu
ov
o C
im
en
to 
64
A 
(19
69
) 

88
1. 

[10
] 
K.
 H
ua
ng
 an
d 
S. 
W
ein
be
rg,
 Ph
ys.
 R
ev
. L
ett
ers
 25
 (1
97
0) 

89
5. 

[ 1
1 ]
 P
.G
. D
e G
en
ne
s, 
Su
pe
rco
nd
uc
tiv
ity
 of
 m
eta
ls 
an
d a
llo
ys
 

(W
.J. 
Be
nja
mi
n, 
Ne
w 
Yo
rk 
19
66
). 

[ 1
2] 
S. 
W
ein
be
rg,
 G
au
ge
 an
d g
lob
al 
sy
mm
etr
ies
 at
 hi
gh
 te
m-
 

pe
rat
ure
, P
hy
s. 
Re
v. 
D 
to 
be
 pu
bli
sh
ed
. 

[13
] 
M.
E. 
Fis
he
r, 
Ph
ys
ica
 3 
(19
67
) 2
55
. 

[14
] 
R.
 O
mn
es,
 Ph
ysi
cs 
Re
po
rts
 3C
 (1
97
2) 
1. 

[15
1 
R.
 H
ag
ed
orn
, A
str
on
. a
nd
 A
str
op
hy
s. 
5 (
19
70
) 1
84
. 

[16
] C
.E.
 R
ho
ad
es 
an
d 
R.
 R
uff
ini
, A
str
op
hy
s. 
J. 
16
3 (
19
71
) 

83
. 

69
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Fluctuations in quark densities à Clusters might be enhanced

C. Herold, M. Nahrgang, M. Bleicher, I. Mishustin, Nucl.Phys. A925 (2014) 14-24

Angular distribution, 12 fm/c

Nonequilibrium fluctuations in PQM 6 fm/c 12 fm/c

Crossover

CP

1st  o. PT

à Strong fluctuations, inhomogeneous quark densities à Cluster enhancement
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Figure 3: Azimuthal distribution of the baryon number density after t = 6 fm (a) and t = 12 fm
(b) for several transition scenarios. We see that strong inhomogeneities develop at the first-
order phase transition.

see discussion in [34].
In Fig. 4 we show the impact of the formation of droplets on baryonic flow.

For this purpose we calculated the Fourier coefficients vn of the angular dis-
tributions of net-baryons in position space, dN/dφ, at end of the evolution for
t = 12 fm. They resemble the flow harmonics of the net-baryon distribution
measured in experiments. To suppress statistical fluctuations these coefficients
are averaged over an ensemble of generated events. The results are presented
in Fig. 4. As one may already expect from the previous discussions, these coef-
ficients are significantly larger after an evolution through the first-order phase
transition than through the CEP. The largest enhancement is found for n = 2
harmonic. This corresponds to the plot of the azimuthal distribution in Fig. 3,
which shows two large peaks around φ = 3π/4 and φ = 7π/4 for both the in-
termediate and the final stage of the simulation. The higher harmonics (n > 2)
are also significantly enhanced in the first-order transition scenario.

5. Summary and Outlook

In conclusion, within a fully dynamical approach we have demonstrated how
strong inhomogeneities of baryon density can be created at the first-order QCD

10

s-field
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Thermal emission vs. BB nucleosynthesis

Max Born Symposium 2019

• Thermal model provides good description of cluster data, e.g. deuteron, 
even with protons being slightly off

• Surprising result, because the binding energy of the deuteron (2.2 MeV) 
is much smaller than the emission temperature (150-160 MeV)

• Why is it not immediately destroyed?
Related to famous deuterium bottleneck in big bang nucleosynthesis: 
If the temperature is too high (mean energy per particle greater than d binding 
energy) any deuterium that is formed is immediately destroyed 
à delays production of heavier clusters/nuclei.

From
 Braun-M

unzinger, Stachel, Andronic

Big Bang Nucleosynthesis as a Probe of New Physics 7

6Li/H

N

7Li/H

7Be/H

3He/H
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Figure 1: Time and temperature evolution of all standard big bang nucleosynthesis (SBBN)-

relevant nuclear abundances. The vertical arrow indicates the moment at T9 ≃ 0.85 at

which most of the helium nuclei are synthesized. The gray vertical bands indicate main

BBN stages. From left to right: neutrino decoupling, electron-positron annihilation and n/p

freeze-out, D bottleneck, and freeze-out of all nuclear reactions. Protons (H) and neutrons

(N) are given relative to nb whereas Yp denotes the 4He mass fraction.

Below we discuss the fusion of the light elements and compare their SBBN predictions with

observations.

1.1.1 O(0.1) abundances: 4He. The beauty of the SBBN prediction for 4He lies in

its simplicity. Only a few factors that determine it. The rates for weak scattering processes

that inter-convert n ↔ p at high plasma temperatures scale as G2
FT

5, where GF is the

Fermi constant. As the Universe cools, these rates drop below the T 2-proportional Hubble

rate H(T ) Eq. (6). The neutron-to-proton transitions slow down, and the ratio of their

respective number densities cannot follow its chemical-equilibrium exponential dependence,

n/p|eq ≃ exp(−∆mnp/T ). Around T ≃ 0.7MeV this dependence freezes out to n/p ≃

1/6 but continues to decrease slowly due to residual scattering and β-decays of neutrons.

The formation of D during this intermission period is delayed by its photo-dissociation

process that occurs efficiently because of the overwhelmingly large number of photons [see

Pospelov, Pradler, Ann.R
ev.N

ucl.Part.Sci.60:539-568,2010

5
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Déjà-vu
• Around 1993 the field did not understand anti-deuteron 

production within the most simple coalescence models 
i.e.

• Reason: 
Freeze-out volume of deuterons and anti-deuterons might be
different (S. Mrowczynski, PLB308 (1993))

• Solution: Take space into account (B2 has to include source)
• See e.g.

M. Bleicher, “Phase space correlations of anti-deuterons in 
heavy ion collisions” PLB361 (1995)

• Mattiello, Sorge, Nagle, Ko, Aichelin, Heinz, .... about a dozen 
papers on clusters from 1995-1999

Max Born Symposium 2019 6

Coalescence Model

Assuming baryons are produced randomly i.e. they are
uncorrelated,

no. of deuterons per event no. of protons per event

no. of deuterons per event no. of neutrons per event

i.e.

(1)

Where .

i.e. (in terms of the invariant cross section)

(2)

2
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Time Evolution of Heavy Ion Collisions

1x 10-23 s 10 x 10-23 s 30 x 10-23 s 

At high energies hybrid approaches are very 
successful for the description of the dynamics

Nuclei at 99 % 
speed of light

Quark Gluon Plasma Cluster emissions vs. 
formation

Hadronic 
Rescattering

Nonequilibrium 
initial state 
dynamics

Relativistic 
Hydrodynamics/
Parton dynamics

Hadron Transport
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http://arxiv.org/abs/arXiv:1404.1763
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Methods to calculate clusters

• Wigner functions
• Projection on Hulthen wave 

function
• No free parameters
• No orthogonality of states

• Cross sections
• Introduce explicit processes, 

e.g. p+n+pàd+p
• Dynamical treatment
• ‘Fake’ 3-body interactions

• Coalescence
• Employ cut-off parameters
• E-by-E possible
• 2 free parameters

• Thermal emission
• Put deuterons in partition 

sum
• No free parameter
• Why should a cluster be in?

Max Born Symposium 2019

8

Gyulassy, NPA402 (1983), Oliinychenko, PRC99 (2019), 
Butler, PR129 (1963), Mekijan PRL39 (1977) 
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Coalescence
• Coalescence assumes that that clusters are formed at the 

end of the kinetic scattering stage (cold/dilute system!)
• Different approaches: Momentum space coalescence 

and phase space coalescence
• Momentum space coalescence assumes small emission 

volume (neglecting spatial distribution) à does not work 
well for large systems

• Phase space (PS) coalescence treats both, the 
momentum distribution and the space distribution of 
protons and neutrons

• PS coalescence typically uses a Dp ≲ 285 MeV and 
a Dx ≲ 3.5 fm to define the deuteron state

Max Born Symposium 2019 9
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Proton-proton collisions
Deuteron (anti-deuteron): ratios

2

FIG. 1. [Color online] Rapidity distributions of protons and
deuterons in minimum bias p+Be (left) and p+Au (right)
collisions at a beam energy of 14.6A GeV, from the UrQMD
model (lines) compared to experimental E802 data (symbols)
[18].

ton and neutron densities, space-momentum correlations
are neglected) with the deuteron wave function. Protons
and neutrons with momenta k±�p (k being the deuteron
momentum) do then coalesce into the deuteron state with
the quantity �p being related to the deuteron wave func-
tion, given a certain spatial distribution of protons and
neutrons. Folding the deuteron wave function with the
spatial distribution of the n-p source allows then to in-
troduce a single momentum space parameter p0. If the
wave function is small compared to the source size, p0 is
inversely proportional to the source volume. Therefore it
is clear that p0 encodes also information on the emission
source in this approach and is to first order system size
(1/volume) dependent.

In previous calculations using the UrQMD hybrid ap-
proach [9] the production of clusters was calculated via
the Cooper-Frye equation on a hyper-surface of con-
stant energy density. This approach assumes that the
deuterons are not formed by coalescence, but are emitted
as a single entity from the fireball as suggested in statis-
tical hadronization models. An alternative way is the co-
alescence approach introduced by Gyulassy, Frankel, and
Remler[10] based on the von Neumann equation for the
n-body density. This ”Wigner function” approach follows
in spirit the original idea by Sato and Yazaki, but sug-
gests to project the Wigner-transformed wave function on
the classical phase space distribution generated from sim-
ulations, under the assumption that the classical phase
space density provides a good approximation of the (fac-
torized) n-p density matrix. The main advantage in this
approach is that one does not need to integrate the spa-
tial volume of the source into the coalescence parameter,
but uses the relative space-momentum dependent Wigner
representation of the deuteron state directly. Here one

FIG. 2. [Color online] Energy dependence of d/p and d/ p
ratios in pp collisions with |y| < 0.5 at

p
sNN = 53, 900, 2760

and 7000 GeV. The open symbols represent UrQMD model
results. The solid symbols denote the result from ISR (star)
[19–21] and ALICE (circle and triangle) [22]

.

can also easily include the space-momentum correlations
of the protons/neutrons emerging during the reaction.
The Wigner function approach has been applied very
successfully in the description of deuteron production,
see e.g. [11–13, 15, 16].

Another well tested possibility is to use a cut-o↵ co-
alescence approach [17], either in momentum space or
coordinate space or in full phase space. This approach is
similar to the Wigner function approach, but essentially
assumes a flat probability in coordinate space and mo-
mentum space for the coalescence probability (instead of
the deuteron wave function). One defines a maximum
relative momentum �p and/or a maximum distance �r
between the proton and the neutron to form a deuteron.
If one restricts oneself to the relative momentum cut only,
one observes a similar volume dependence of the momen-
tum space coalescence parameter as in the Sato/Yazaki
approach. As in the Wigner function approach, the inclu-
sion of a space and momentum space parameter allows to
use a volume independent set of parameters. Phase space
coalescence has been shown to work successfully and to
yield results similar to the Wigner function approach, see
e.g. [12].

For the purpose of this work, we model deuteron forma-
tion in UrQMD via phase space coalescence at the point
of last interaction of the respective proton and neutron
in space and time. The method we use comprises the
following steps:

1. During the evolution of the system, we follow the
protons and neutrons until their individual space-
time points of last interaction.

2. For each p-n pair, the momentum and position of
proton and neutron is boosted to the 2-particle rest-

Absolute yields
3

frame of this p-n pair.

3. The particle that has decoupled earlier is then prop-
agated to the later time of the other particle.

4. We calculate the relative momenta �p = |�!p 1��!p 2|
and the relative distances �r = |�!x 1 � �!x 2| of the
p-n pair in the 2-particle rest-frame at equal times.
The yield of deuteron candidates is then given by
the condition of �p < �pmax and �r < �rmax.
Here we use the parameter set of �pmax = 0.285
GeV/c and �rmax = 3.575 fm.

5. For each deuteron candidate we perform the sta-
tistical spin and isospin projection1to the deuteron
state (probability 1/2 · 3/4 = 3/8) [12, 14]. Then,
the chosen p-n pair is marked as a deuteron and its
constituent nucleons are removed from the phase
space distribution.

It is important to note that the parameters for
deuteron formation are kept independent of energy, col-
lision system and centrality, because they are related to
the deuteron wave function. As we will see, the chosen
parameter values provide a good description of the avail-
able data in a wide range of systems and beam energies.

II. RESULTS

In the following we will present extensive comparisons
of UrQMD model results with experimental measure-
ments of deuteron production at various beam energies
and system sizes. We will mainly distinguish between
proton induced reactions, p+p and p+A and nuclear re-
actions A+A. The calculated yields, ratios, rapidity and
transverse momentum distributions will give us good in-
sights into the validity of the coalescence approach and
possible shortcomings. For Pb+Pb collisions of 2.76 TeV,
UrQMD is used in hybrid mode.

All simulations are performed using UrQMD with
deuteron production via the coalescence approach as de-
scribed above.

A. Proton induced reactions

Proton-proton and proton-nucleus reactions provide
the simplest test cases for our model studies. In these

1
The statistical spin and isospin factors emerge from the sum-

mation and averaging over spin states and from the condition

of anti-symmetry of the deuteron wave function. The deuteron

state itself has the quantum numbers S = 1, and I = 0. As shown

in detail in [14], the direct product of the spin- and isospin wave-

functions of a proton and a neutron generates eight combinations

of n-p wave functions. However, only three states belong to the

deuteron quantum numbers (I = 0, S = 1, Sz=-1, 0, 1). Thus,

one obtains a statistical spin and isospin factor of 3/8.

p
sNN (TeV) dN/dy

ALICE UrQMD

0.9 (1.12±0.09±0.09)⇥10�4 (0.96± 0.05)⇥ 10�4

d 2.76 (1.53±0.05±0.13)⇥10�4 (1.47± 0.06)⇥ 10�4

7 (2.02±0.02±0.17)⇥10�4 (2.05± 0.09)⇥ 10�4

0.9 (1.11±0.10±0.09)⇥10�4 (1.00± 0.05)⇥ 10�4

d 2.76 (1.37±0.04±0.12)⇥10�4 (1.55± 0.07)⇥ 10�4

7 (1.92±0.02±0.15)⇥10�4 (2.22± 0.09)⇥ 10�4

TABLE I. The integrated yield (dN/dy) of deuterons and
anti-deuterons in pp collisions with midrapidity |y| < 0.5 at
di↵erent center of mass energies as

p
sNN = 0.9, 2.76 and 7

TeV.

systems the rescattering stage is rather short and the
freeze-out volumes are smaller than in nucleus-nucleus
reactions. In comparison to the following nucleus-nucleus
studies, it provides a handle to explore the independence
of the coalescence parameters on the system size.

Figure 1 shows the rapidity distributions of protons
and deuterons in minimum bias p+Au (left) and p+Be
(right) collisions at a beam energy of 14.6A GeV. The
symbols denote the experimental data, the lines indi-
cate the UrQMD calculations. The deuteron and proton
yields are consistent with the experimental E802 data
[18], and the rapidity distributions are well reproduced.

A similarly good description of the deuteron and anti-
deuteron production in proton-proton reactions can also
be obtained for the highest beam energies achievable at
the LHC. The integrated, midrapidity |y| < 0.5, yields
(dN/dy) of deuterons and anti-deuterons in p+p colli-
sions are calculated by the UrQMD model for di↵erent
center-of-mass energies

p
sNN = 0.9, 2.76 and 7 TeV and

compared to recent ALICE data, as shown in Table I.
We can see that our results are in agreement with the
ALICE experimental data.

Using the yields from Table I one can calculate the
ratios of deuteron to proton (d/p) and anti-deuteron to
anti-proton (d/ p) as a function of energies

p
sNN =

53, 900, 2760 and 7000 GeV, as shown in Figure 2. The
open symbols are calculations by the UrQMD model and
are compared to the experimental data. We find that at
high energies, our results are consistent with the experi-
mental data.

B. Nucleus-Nucleus reactions

In the following we will present results of (anti-)
deuteron production for collisions of light to heavy nu-
clei at various beam energies. Starting with the low-
est beam energies, we compare the rapidity distribu-
tions (dN/dy(0)) of deuterons, protons and ⇡� for cen-
tral Ni+Ni collisions (with b  1.8 fm) at beam energies
1.93A, 1.45A and 1.06A GeV with FOPI data [23], as
shown in Figure 3. Here y(0) = y/ycm is the rapidity
scaled with the center-of-mass rapidity ycm. We find that
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FIG. 6. [Color online] Rapidity distributions of protons and
deuterons in Si+Au collisions at a beam energy of 14.6A GeV
with impact parameter b = 2 fm, comparing UrQMD results
(lines) to data of E802 (symbols) [26].

FIG. 7. [Color online] Invariant yields of deuterons at pt = 0
as a function of rapidity in central (left) and minimum-bias
(right) Si+Pb collisions at a beam energy of 14.6A GeV. Data
of the E814 Experiment [28] are shown as symbols and the
model calculations as lines.

Si+Pb collisions at a beam energy of 14.6A GeV at
pt = 0. The lines indicate the UrQMD calculations, the
symbols denote the E814 data from Ref. [28]. We find
that the calculated invariant yields are in good agreement
with the measured E814 data.

Moreover, we show invariant yields of deuterons as a
function of mt � m in central Si+Al, Si+Cu and Si+Au
collisions at a beam energy of 14.6A GeV. In Figure 8
we compare our results to data of the experiment E802
[26]. For central collisions, the rapidity intervals re y =
0.5 to 1.5 with �y = 0.2. Each successive spectrum is
divided by 100 for better visibility. The invariant yields
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FIG. 8. [Color online] Invariant yields of deuterons as a func-
tion of mt � m in central Si+Al, Si+Cu and Si+Au colli-
sions at a beam energy of 14.6A GeV. The rapidity interval
is y = 0.5 to 1.5 with �y = 0.2. Each successive spectrum is
divided by 100 for visual clarity. The symbols denote data of
the E802 collaboration [26].

are determined as

E

✓
d3N

dp3

◆
=

✓
1

2⇡mt

◆✓
d2N

dydmt

◆
(1)

where mt is the transverse mass

mt = (p2t + m2)1/2 , (2)

and E is the energy and p the momentum.
We find that our results are consistent with the data

from the experiment E802. The resulting invariant yields
of deuterons for the three targets and for each rapidity
interval show that the invariant yields decrease with in-
creasing rapidity until the fragmentation region.

Going up in energy, we next explore the CERN-SPS
energy regime. The NA49 experiment explored deuteron
formation in great detail at various energies and centrali-
ties. The data of the NA49 experiment will be compared
to UrQMD calculations for Pb+Pb collisions at di↵erent
energies. Figure 9 shows the deuteron multiplicity as
a function of rapidity for Pb+Pb collisions at a beam
energy of 20A GeV for di↵erent centralities. The lines
denote the UrQMD calculations and the symbols denote
the data of the NA49 collaboration [27]. The calcula-
tions are in good agreement with the experimental data.
However, one can observe a small deviation to the exper-
imental data which is due to a stronger baryon stopping
in UrQMD as compared to the NA49 data, when going
towards more central collisions.

Figure 10 shows the deuteron multiplicity as a func-
tion of rapidity at beam energies of 20A GeV, 30A GeV,
40A GeV, 80A GeV and 158A GeV for central Pb+Pb
collisions. The lines denote the UrQMD calculations and

From small to large systems
Proton+nucleus at 14.6 AGeV 2
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FIG. 1. [Color online] Rapidity distributions of protons and
deuterons in minimum bias p+Be (left) and p+Au (right)
collisions at a beam energy of 14.6A GeV, from the UrQMD
model (lines) compared to experimental E802 data (symbols)
[18].

ton and neutron densities, space-momentum correlations
are neglected) with the deuteron wave function. Protons
and neutrons with momenta k±�p (k being the deuteron
momentum) do then coalesce into the deuteron state with
the quantity �p being related to the deuteron wave func-
tion, given a certain spatial distribution of protons and
neutrons. Folding the deuteron wave function with the
spatial distribution of the n-p source allows then to in-
troduce a single momentum space parameter p0. If the
wave function is small compared to the source size, p0 is
inversely proportional to the source volume. Therefore it
is clear that p0 encodes also information on the emission
source in this approach and is to first order system size
(1/volume) dependent.

In previous calculations using the UrQMD hybrid ap-
proach [9] the production of clusters was calculated via
the Cooper-Frye equation on a hyper-surface of con-
stant energy density. This approach assumes that the
deuterons are not formed by coalescence, but are emitted
as a single entity from the fireball as suggested in statis-
tical hadronization models. An alternative way is the co-
alescence approach introduced by Gyulassy, Frankel, and
Remler[10] based on the von Neumann equation for the
n-body density. This ”Wigner function” approach follows
in spirit the original idea by Sato and Yazaki, but sug-
gests to project the Wigner-transformed wave function on
the classical phase space distribution generated from sim-
ulations, under the assumption that the classical phase
space density provides a good approximation of the (fac-
torized) n-p density matrix. The main advantage in this
approach is that one does not need to integrate the spa-
tial volume of the source into the coalescence parameter,
but uses the relative space-momentum dependent Wigner
representation of the deuteron state directly. Here one

FIG. 2. [Color online] Energy dependence of d/p and d/ p
ratios in pp collisions with |y| < 0.5 at

p
sNN = 53, 900, 2760

and 7000 GeV. The open symbols represent UrQMD model
results. The solid symbols denote the result from ISR (star)
[19–21] and ALICE (circle and triangle) [22]

.

can also easily include the space-momentum correlations
of the protons/neutrons emerging during the reaction.
The Wigner function approach has been applied very
successfully in the description of deuteron production,
see e.g. [11–13, 15, 16].

Another well tested possibility is to use a cut-o↵ co-
alescence approach [17], either in momentum space or
coordinate space or in full phase space. This approach is
similar to the Wigner function approach, but essentially
assumes a flat probability in coordinate space and mo-
mentum space for the coalescence probability (instead of
the deuteron wave function). One defines a maximum
relative momentum �p and/or a maximum distance �r
between the proton and the neutron to form a deuteron.
If one restricts oneself to the relative momentum cut only,
one observes a similar volume dependence of the momen-
tum space coalescence parameter as in the Sato/Yazaki
approach. As in the Wigner function approach, the inclu-
sion of a space and momentum space parameter allows to
use a volume independent set of parameters. Phase space
coalescence has been shown to work successfully and to
yield results similar to the Wigner function approach, see
e.g. [12].

For the purpose of this work, we model deuteron forma-
tion in UrQMD via phase space coalescence at the point
of last interaction of the respective proton and neutron
in space and time. The method we use comprises the
following steps:

1. During the evolution of the system, we follow the
protons and neutrons until their individual space-
time points of last interaction.

2. For each p-n pair, the momentum and position of
proton and neutron is boosted to the 2-particle rest-
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FIG. 9. [Color online] Deuteron yields as a function of ra-
pidity in Pb+Pb collisions at a beam energy of 20A GeV for
di↵erent centralities. The symbols denote data of the NA49
experiment [27].
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FIG. 10. [Color online] Rapidity dependence of deuteron
yields for various beam energies in Pb+Pb collisions for dif-
ferent centralities. The symbols denote data of the NA49 ex-
periment [27], the lines show the calculations. Each spectrum
is successively divided by a factor of 10.

the symbols the experimental data of the NA49 collab-
oration [27]. For visibility the calculations and the data
are divided by a factor of 10 successively. Also here, the
calculations are in good agreement with the experimental
data. Given the results presented above, we have estab-
lished that deuteron production at moderate energies can
be very well described by a single energy and system size
independent phase space coalescence parameter set.

In the last steps we want to explore, if this single pa-
rameter set can also be used to describe deuteron pro-
duction at the highest available energies, namely Pb+Pb

FIG. 11. [Color online] Ratio of deuteron to protons+anti-
protons in Pb+Pb collisions at

p
sNN = 2.76 TeV as a func-

tion of the charged particle multiplicity. In addition the values
for proton-proton reaction at various energies are also indi-
cated on the left part of the figure. The UrQMD results are
compare to ALICE data [22, 39].

collisions at the LHC. In Fig. 11 we show the ratio of
deuterons to protons plus anti-protons in Pb+Pb colli-
sions at

p
sNN = 2.76 TeV as a function of the charged

particle multiplicity. Here we used the UrQMD+hydro
hybrid version of the model to properly take into ac-
count the long hydrodynamical expansion of the fireball.
The coalescence procedure is applied after the hadronic
rescattering phase, as described above. In addition we
also show the values for proton-proton reactions at dif-
ferent beam energies with their corresponding Nch, in-
dicated as open squares in the left part of the figure.
The UrQMD/hybrid results are compared to ALICE data
[29]. One observes a very good agreement between the
measured data and the calculations over the whole range
of centralities/multiplicities. Thus, we can conclude that
deuteron production at the LHC can be very well de-
scribed by coalescence of protons and neutrons with the
same parameters used at lower collision energies.

Finally we present the invariant yields of anti-
deuterons (d) and anti-protons (p) at pt = 0 as a function
of rapidity in minimum-bias Si+Au collisions at a beam
energy of 14.6A GeV. Our results are compared to the
data from the E814 [35] and E858 [38] experiments shown
in Figure 12. One observes that the UrQMD model re-
sults are in good agreement with the experimental data.

C. Excitation function

In the last section we summarize the energy depen-
dence of the deuteron-to-proton ratio (and anti-deuteron
to anti-proton ratio) for central Au+Au collisions. The
mid-rapidity ratios (|y| < 0.3) are calculated at

p
sNN =

2, 5, 7.7, 11.5, 14.5, 17 and 19.6 GeV and are shown as
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also show the values for proton-proton reactions at dif-
ferent beam energies with their corresponding Nch, in-
dicated as open squares in the left part of the figure.
The UrQMD/hybrid results are compared to ALICE data
[29]. One observes a very good agreement between the
measured data and the calculations over the whole range
of centralities/multiplicities. Thus, we can conclude that
deuteron production at the LHC can be very well de-
scribed by coalescence of protons and neutrons with the
same parameters used at lower collision energies.

Finally we present the invariant yields of anti-
deuterons (d) and anti-protons (p) at pt = 0 as a function
of rapidity in minimum-bias Si+Au collisions at a beam
energy of 14.6A GeV. Our results are compared to the
data from the E814 [35] and E858 [38] experiments shown
in Figure 12. One observes that the UrQMD model re-
sults are in good agreement with the experimental data.

C. Excitation function

In the last section we summarize the energy depen-
dence of the deuteron-to-proton ratio (and anti-deuteron
to anti-proton ratio) for central Au+Au collisions. The
mid-rapidity ratios (|y| < 0.3) are calculated at
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• discovery of “magical factors” 
of 2 and 3 in measurements of
spectra and the elliptic flow of
mesons and baryonsat RHIC 
(Fries et al, 2003)

• Predicted v2 scaling in case of
coalescence

Can we distinguish thermal emission from coalescence?
àScaling

NCQ scaling at high energies RHIC data
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à Check scaling to prove coalescence
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Since the maximal values of v2 will be of the order of 0.1,
we can neglect the quadratic and cubic terms and arrive
at the following simple scaling law, which connects the
elliptic flow of hadrons vh2 to those of the partons v2:

vh2 (PT ) = n v2

(

1

n
PT

)

(89)

with n being the number of valence quarks and anti-
quarks contained in hadron h. This scaling law was in-
deed already found to hold in STAR data on the elliptic
flow of Λ and K0

s down to transverse momenta of about
500 MeV/c [16]. This is a very strong support for the
recombination picture. Apparently a part of the uncer-
tainty in the recombination mechanism at low PT , in-
troduced by the violation of energy conservation, cancels
after taking the ratios in Eqs. (83,84). The recombina-
tion formalism seems to give valid results for v2 down to
transverse momenta of several hundred MeV/c.
We combine the contributions to the anisotropic flow

from recombination and fragmentation by using the rel-
ative weight r(PT ) for the recombination process

v2(PT ) = r(PT )v2,R(PT )+(1− r(PT )) v2,F(PT ). (90)

r(PT ) is defined as the ratio of the recombination contri-
bution to the spectrum and the total yield.

r(PT ) =
dNR/d2PT

(dNR/d2PT + dNF/d2PT )
. (91)

F. The statistical thermal model

In this subsection we give a brief account of the sta-
tistical model following variant I of [42]. For further de-
tails we refer the reader to the comprehensive literature
[42, 43, 44, 58].
The hadron spectrum at is supposed to emerge from a

hypersurface Π and has the form

E
dNh

d3P
=

∫

Π

dσR
P · v(R)

(2π)3
Gh(R;P ). (92)

We use the same parametrization for the four velocity
v(R) as in (64). The hypersurface Π is determined by
the condition

√
v2 = τSM = const. The hadronic phase-

space distribution functions are given by

Gh(R;P ) =
ChfSM(r)

e−(P ·v−µBBh−µsSh−µIIh)/TSM ± 1
, (93)

for bosons and fermions respectively. r = τSM sinh ηT
is the radial coordinate and fSM(r) = Θ(r0 − r) is a
radial profile function providing a cylindrical shape. Ch

is the degeneracy factor and Bh, Sh and Ih are baryon
number, strangeness and third component of the isospin
for hadron species h.
Equation (92) can be evaluated analogous to (66). We

note that in the limit PT → ∞ Eqs. (69,70) are equivalent

to (92) if the same hypersurface and the same tempera-
ture and chemical potentials are used. This is an indi-
cation that recombination from a thermal parton phase
is the underlying microscopic picture of hadron produc-
tion in a statistical model. While we will not elaborate
on this in more detail, we will quote some results of the
statistical model for hadron ratios and compare with our
calculation.
The geometric parameters are fixed to be τSM = 7.66

fm and r0 = 6.69 fm for for most central collisions at
RHIC in Ref. [42]. Particle ratios at mid rapidity in a
boost-invariant model are not influenced by the expan-
sion of the system [42], thus we can use the parameters
which are determined by particle ratios from the entire
phase space. We follow [43] and set TSM = 177 MeV,
µB = 29 MeV, µS = 10 MeV and µI = −0.5 MeV.

G. Note on the parameters in our model.

We want to give a brief summary of all the parameters
for the parton phase. Essentially we have three degrees of
freedom for central collisions. Theses are the energy loss
given by ϵ0⟨L⟩, the slope of the exponential part given by
temperature T and radial flow velocity vT and the nor-
malization of the recombination spectrum by the volume
τAT . In addition there are the parton fugacities. After
fixing ⟨L⟩, T and τ to physical or at least reasonable val-
ues, we retain ϵ0, vT and ρ0 as true parameters that were
determined by fitting to the final data given by PHENIX
for the inclusive π0 spectrum [52]. This is in contrast to
our previous study where the parameters of the parton
spectrum were fixed by the peliminary charged hadron
spectrum [10].
The light quark fugacity was set to 1 in accordance

with the measured p/π0 ratio and the fugacities for an-
tiquarks and strange quarks were obtained from other
ratios. The ratio of fugacities γū/γu = 0.9 can be trans-
lated into a baryon chemical potential µB = 27 MeV. For
other impact parameters, the simple geometric scaling of
the volume and the number of collisions with b and a
reasonable ansatz for ϵ(b) describe the data up to b = 10
fm. Only for very peripheral collision there is the need
to introduce the new parameter γ(b).

V. NUMERICAL RESULTS

In this section we are going to discuss our numerical
results on hadron production.

A. Hadron spectra

In Fig. 2 we show our results for hadron production
from fragmentation and recombination for impact pa-
rameter b = 0 in central Au+Au collision at

√
s = 200

GeV. We compare to available experimental data from

Fries et al, Phys.Rev. C68 (2003)
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FIG. 17: v2 for charged hadrons. Again we show the con-
tributions from different mechanisms as in Fig. 15. Data are
preliminary and taken from the STAR collaboration.
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FIG. 18: The anisotropy v2/n for pions (bottom) and protons
(top) as a function of transverse momentum pT /n using the
scaling law (89) with n = 2 for pions and n = 3 for protons.
Data points are pions and protons from PHENIX using the
same scaling law.

a violation of this scaling law at higher values, coming
from perturbative QCD.

In this publication we have only considered sin-
gle hadron production and neglected correlations in
the hadron emission pattern. The yield of secondary
hadrons, when triggering on a leading hadron, is a
promising quantity to provide more information about
the underlying hadronization mechanism.

With fragmentation and energy loss alone, no con-
sistent explanation involving all hadron species can be
given. In contrast we are able to describe most avail-
able RHIC data on spectra, ratios, nuclear suppression
and elliptic flow of hadrons, including their impact pa-
rameter dependence, for transverse momenta above 1–2
GeV/c – for v2 even down to very low PT – consistently
with a very small number of globally adjusted parame-
ters. As input for the recombination process we use a
dense phase of partons with temperature T = 175 MeV
and radial flow velocity vT = 0.55c at hadronization time
5 fm. All RHIC data shown in this work are consistent
with the existence of such a phase.
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Can we distinguish thermal emission from coalescence?
àScaling

UrQMD 6

FIG. 11. [Color online] Triangular flow of free protons and
deuterons in Au+Au collisions as a function of transverse mo-
mentum for the backward rapidity �0.45 < y < �0.35 at a
fixed-target beam energy of 1.23 AGeV. The lines indicate the
UrQMD calculations (b = 6� 9 fm).

FIG. 12. [Color online] 4th flow of free protons and deuterons
in Au+Au collisions as a function of transverse momentum for
the backward rapidity |y| < 0.1 at a fixed-target beam energy
of 1.23 AGeV. The lines indicate the UrQMD calculations
(b = 6� 9 fm).

all transverse momentum windows. One can observe a
v3 6= 0 with respect to the reaction plane which is very
similar for both particles and shows a strong rapidity de-
pendence.

Figure 11 shows the triangular flow of protons and
deuterons as a function of transverse momentum for the
backward-rapidity bin �0.45 < y < �0.35 in Au+Au col-
lisions (b = 6�9 fm) at a beam energy of 1.23 AGeV. The
lines denote the UrQMD calculations. Both protons and
deuterons show a strong increase of v3 going to higher
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FIG. 13. [Color online] Elliptic flow of protons (solid line) and
deuterons (dashed line) in Au+Au collisions as a function of
transverse momentum and for |y| < 0.05 scaled with the mass
number A at a fixed-target beam energy of 1.23 AGeV. The
lines indicate the UrQMD calculations (b = 6� 9 fm).

pT . Surprisingly v3 at HADES energy is on the same
order as at RHIC energies [59]. It is interesting to note
that protons and deuterons show the same magnitude of
v3.

D. 4th order flow

For the fist time a prediction of the 4th order flow
(quadrangular flow) with respect to the reaction plane
is given for Au+Au reactions at 1.23 A GeV. Figure
12 shows the 4th order flow of protons and deuterons
as a function of transverse momentum for mid-rapidity
�0.1 < y < 0.1 in Au+Au collisions (b = 6 � 9 fm)
at a beam energy of 1.23 A GeV. The lines denote the
UrQMD calculations. Both protons and deuterons show
a strong dependence on transverse momentum.

IV. SCALING AND CORRELATION ANALYSIS

A. Mass number scaling

The scaling of elliptic flow with the number of con-
stituents has long been established with quark recombi-
nation models at RHIC energies [60]. For the coalescence
of nucleons into deuterons the same scaling is present in
terms of the baryon number. This results in the expecta-
tion that vd2

�
pdT

�
= 2vp2

�
1
2pdT

�
. Thus v2/A as function of

(pT /A), with A being the baryon number, should yield
the same curves for protons and deuterons, if deuterons
are formed by coalescence. Taking the data of Fig. 7 and
8 we show the scaled flow of protons and deuterons for
Au+Au collisions (20%-30% centrality) at a beam energy

HADES data

Max Born Symposium 2019 14

à Scaling is observed
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Higher order 
flow

• Also higher order flow 
works very well.

• Indication that 
correlations are 
propagated correctly
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UrQMD: P. Hillmann, J. Steinheimer, M. Bleicher,  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Can we distinguish thermal emission from coalescence?
à Fluctuations

Au+Au at 2 AGeV
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FIG. 1. Model parameter B for Model A (black squares) and
resulting proton (in blue) and deuteron (in red) multiplicities
as function of energy. The resulting deuteron multiplicity is
compared to the thermal fit (red line) input to our model.
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FIG. 2. Fluctuation of the deuteron number for Au+Au col-
lisions at 2.6 GeV beam energy in comparison to the Pois-
son distribution. The parameters of the distributions are for
Model A: σ2/⟨nd⟩ = 1.609, Sσ = 2.218, κσ2 = 6.915; Model
B: σ2/⟨nd⟩ = 1.308, Sσ = 1.616, κσ2 = 3.422.

one clearly observes that coalescence leads to skewed dis-
tributions with a shift to higher values, as expected from
the non-linear formation probability. The scaled higher
moments: the variance σ2/⟨nd⟩, the skewness Sσ and
the kurtosis κσ2 all differ significantly from the Poisson
expectation of unity. The departure from Poissonian dis-
tribution is larger if proton and neutron number fluc-
tuate together (Model A), but also independent proton
and neutron fluctuations (Model B) lead to clearly non-
Poissonian shape.
Next we explore the energy dependence of the moments

of the deuteron distribution and compare to the Poisson
expectations. Figures 3 and 4 show the scaled mo-
ments σ2/⟨nd⟩, Sσ, and κσ2 as functions of collision en-
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FIG. 3. The energy dependence of the moments σ2/⟨nd⟩, sσ,
and kσ2 of the deuteron distribution obtained from Model A
compared to the Poisson expectation
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FIG. 4. The energy dependence of the moments σ2/⟨nd⟩,
sσ, and kσ2 of the deuteron distribution in the coalescence
model assuming indepenedent proton and neutron fluctua-
tions (Model B) compared to the Poisson expectation.

ergy for Models A and B, respectively. We observe a
clear deviation from the Poisson expectation for all the
higher moments. The deviation is very strong at low
energies, where both coalescence parameter B and the
mean proton and neutron numbers are large, which re-
sults in sizeable fluctuations of the mean of Poissonian
deuteron number distribution given by eq. (1) or eq. (5).
This leads to even larger fluctuations of the deuteron
number. The effect could be possibly observed for ener-
gies up to about 5 GeV in all the moments and even up
to higher energies in kurtosis only.

Removing the correlation between initial proton and
neutron fluctuations clearly weakens the effect, as can
be seen in Fig. 4. The scaled moments attain approxi-
mately one half of the values obtained for neutron num-

Moments of distribution 3
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FIG. 1. Model parameter B for Model A (black squares) and
resulting proton (in blue) and deuteron (in red) multiplicities
as function of energy. The resulting deuteron multiplicity is
compared to the thermal fit (red line) input to our model.
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B: σ2/⟨nd⟩ = 1.308, Sσ = 1.616, κσ2 = 3.422.

one clearly observes that coalescence leads to skewed dis-
tributions with a shift to higher values, as expected from
the non-linear formation probability. The scaled higher
moments: the variance σ2/⟨nd⟩, the skewness Sσ and
the kurtosis κσ2 all differ significantly from the Poisson
expectation of unity. The departure from Poissonian dis-
tribution is larger if proton and neutron number fluc-
tuate together (Model A), but also independent proton
and neutron fluctuations (Model B) lead to clearly non-
Poissonian shape.
Next we explore the energy dependence of the moments

of the deuteron distribution and compare to the Poisson
expectations. Figures 3 and 4 show the scaled mo-
ments σ2/⟨nd⟩, Sσ, and κσ2 as functions of collision en-
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ergy for Models A and B, respectively. We observe a
clear deviation from the Poisson expectation for all the
higher moments. The deviation is very strong at low
energies, where both coalescence parameter B and the
mean proton and neutron numbers are large, which re-
sults in sizeable fluctuations of the mean of Poissonian
deuteron number distribution given by eq. (1) or eq. (5).
This leads to even larger fluctuations of the deuteron
number. The effect could be possibly observed for ener-
gies up to about 5 GeV in all the moments and even up
to higher energies in kurtosis only.

Removing the correlation between initial proton and
neutron fluctuations clearly weakens the effect, as can
be seen in Fig. 4. The scaled moments attain approxi-
mately one half of the values obtained for neutron num-
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Thermal emission would result 
in Poisson fluctuations
à Coalescence leads to 

wider (non-poisson) distributions

Deviations from Poisson strongest at 
low energies (largest yield of deuterons)

Z. Feckova, B. Tom
asik, M

. Bleicher, Phys.R
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93 (2016) no.5, 054906
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Anti-deuterons
Does coalescence also work for 

more exotic states?
Energy dependence of deuterons 

and anti-deuterons

Max Born Symposium 2019

• Surprisingly good description of 
anti-deuteron yield

• Same parameters!!

Consistent picture over the 
whole energy range
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Hyper and multi-strange matter
DiBaryons Hypernuclei
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tral heavy ion collisions. Here we assume that the coa-
lescence criterion used to form the composite particles
includes the proximity of nucleons both in the momen-
tum and coordinate space. The coordinate coalescence
parameters are determined by the relation rC = !/pC,
with the same values of pC as were used in [78]. As a
first approximationwe use the same coalescence param-
eters for both conventional fragments and hyperfrag-
ments. An example of the calculated invariant yields
of the fragments produced in the central Au + Au col-
lisions at projectile momentum 11.5A GeV is shown
in Fig. 1. One can understand that at this energy the
coalescence model reproduces qualitatively the experi-
mental data for conventional fragments. The fragments
yields fit very close to exponential dependence with a
penalty factor of approximately 50 for each nucleon
added in agreement with the data. Due to the fact that
the same coalescence parameters were used a similar
penalty factor is obtained for hyperfragments, which is
supplemented by additional suppression if the neutron
is replaced by a Λ.
For the following results we fixed the coalescence pa-
rameters as described, with a fit to the data at 11.5A
GeV, and assume that they do not change with beam en-
ergy. This allows us to predict cluster production over a
wide range of experimental setups.

4. Results

Figures 2 and 3 show our results for the mid rapidity
yields (|y| < 0.5) of di-baryons and hypernuclei as a
function of the beam energy Elab. In our calculations we
considered most central (b < 3.4 fm) Pb+Pb/Au+Au
collisions at Elab = 1 - 160A GeV. In addition, figure
2 shows the Λ yield (black lines and squares) for the
two different models compared to data [75, 76, 77]. In
these figures, the UrQMD hybrid model calculations
are shown as lines, while the DCM Coalescence results
are depicted as symbols. A striking feature of our
comparison is that, above Elab ∼ 10A GeV, both
computations for most (hyper-)nuclei and di-baryons
agree very well. At lower energies the strange cluster
production is suppressed in the transport model due
to the non-equilibrium of strangeness. In the thermal
calculations restrictions of energy and momentum
conservation, resulting in a phase space reduction for
produced strange particles, strongly decreases strange
particle yields [57, 58, 59]. This behavior was also
observed in a core-corona implementation in the hybrid
model [79].

Figure 2: Yields per event of different di-baryons in the mid rapidity
region (|y| < 0.5) of most central collisions of Pb+Pb/Au+Au. Shown
are the results from the thermal production in the UrQMD hybrid
model (lines) as compared to coalescence results with the DCMmodel
(symbols). The small bars on the right hand axis denote results on di-
baryon yields from a previous RQMD calculation at √sNN = 200
GeV [74]. In addition, the black lines and symbols depict results for
the production rate of Λ’s from both models, compared to data (grey
crosses) from [75, 76, 77].

An instructive result is that the yields of most hyper-
nuclei have a maximum (or saturation) around 10–20
A GeV of beam energy. Therefore, the investigation of
hypernuclei can be effectively pursued at these energies.
On the other hand, the dependence of their yields up to
energies of ∼200 A GeV can help to clarify the mecha-
nisms of hypernuclei production.
Noticeably the yields for di-baryons inlcuding Ξ

hyperons differ strongly with respect to the model
applied, for the double Ξ state the difference is as
large as one order of magnitude. The reason for this
discrepancy can be understood considering that the
DCM model produces considerably, by a factor of
5 times, less Ξ’s than the UrQMD hybrid model,
therefore also the dibaryon formation is strongly
suppressed (note that the experimental Ξ yield is quite
well reproduced by the UrQMD-hybridmodel [80, 79]).

Di-baryon production rates have also been calculated
in a coalescence approach using the RQMD model for√sNN = 200 GeV collisions of Au nuclei [74]. To re-

4

Figure 3: Yields per event of different (hyper-)nuclei in the mid ra-
pidity region (|y| < 0.5) of most central collisions of Pb+Pb/Au+Au.
Shown are the results from the thermal production in the UrQMD hy-
brid model (lines) as compared to coalescence results with the DCM
model (symbols).

late our calculations to these results, they are indicated
as the colored bars on the right axis of figure 2. The
RQMDmodel used was in particular tuned to reproduce
multi strange particle yields (such as the Ξ) and the re-
sults are therefore close to the ones obtained with our
thermal/hydrodynamic approach.
Figures 4 and 5 show the integrated (4π) yields for

all considered clusters as a function of beam energy. As
with the midrapidity results there is a remarkable agree-
ment between both approaches. However, the integrated
yields of non-strange nuclei at high energies are system-
atically larger in the coalescence approach, although the
mid-rapidity yield was smaller. This observation can be
explained when the rapidity distribution of the nuclei is
considered. In the coalescence approach the probability
to produce a nucleus increases with rapidity and in par-
ticular in the fragmentation region, where the nucleons
have small relative transverse momenta and can easily
coalesce.
In addition we point out that the coalescence results

depend on the parameters of the model. As mentioned,
in the presented results the parameter pC for Λ’s was
taken equal to the one of the nucleon’s. However, the
hyperon-hyperon and hyperon-nucleon interactions are

Figure 4: Full acceptance yields per event of different di-baryons cre-
ated in most central collisions of Pb+Pb/Au+Au. Shown are the re-
sults from the thermal production in the UrQMD hybrid model (lines)
as compared to coalescence results with the DCM model (symbols).

not very well known and we expect that these parame-
ters may be different for clusters containing Λ’s or even
Ξ’s. In table 2 we demonstrate how the yields of strange
dibaryon nuclei depend on the momentum parameter
pC . As discussed previously, we have accordingly re-
stricted the rC parameter, however, by imposing an em-
pirical limitation related to the nuclear force properties
that rC can not be larger than 4 fm. One can see, we
expect a very large variation of the yields depending on
the parameters. For instance, the probability of a bound
Λ–nucleon state may decrease by many orders, if we as-
sume a small pC corresponding to a low binding energy
of this state. Usually the parameters are fixed by com-
parison with experiment. Nevertheless, ratios of hyper-

pC= 5 20 50 90
ΛN 4.4 ·10−4 2.7 ·10−2 3.0 ·10−1 2.1
ΛΛ 3.0·10−5 1.2·10−3 6.6·10−3 5.6·10−2
ΞN < 10−6 1.0·10−3 1.1·10−2 1.0·10−1
ΞΛ < 10−6 7.4·10−5 5.8·10−4 1.0 ·10−2
ΞΞ < 10−6 < 10−6 3.8·10−4 7.2·10−4

Table 2: Dependence of yield of strange dibaryons (per one event) on
momentum coalescence parameter (pC in units of [MeV/c]), in central
(b < 3.5 fm) Au+Au collisions at 20A GeV

5

Hybrid model (lines) vs. coalescence (symbols)
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See also Bastian, Blaschke, Roepke, et al, Eur.Phys.J. A52 (2016)
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Significant amount of multi-hyper fragments

19



Prof. Dr. Marcus Bleicher 20

Summary

• Coalescence works very
well over a broad energy
regime

• Results are similar to the
obtained from thermal 
models and hybrid models

• True process is difficult to
distinguish:

à fluctuations and flow
scaling can help

• Predictions for
hypermatter show that
FAIR and NICA are ideally
positioned to explore this
new kind of matter.
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