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non-perturbative continuum approaches

® Dyson-Schwinger equations
® |andau(+Coulomb)gauge

® FRG flow equations

® |andau gauge

® Variational approaches

® Covariant : Landau gauge

® Hamiltonian: Coulomb gauge
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Qutline

introduction

basics of the Hamiltonian approach to QCD in
Coulomb gauge (T=0)

® Yang-Mills theory
® quark sector

Hamiltonian approach at finite temperature by
compactification of a spatial dimension

QCD at finite T
® quark condensate
® Polyakov loop

conclusions & outlook



cartesian coordmate s A, (x)

momenta IT¢(x)=8S8/8 4% (x) = E(x)
[T;(x)=0 Weyl gauge : 4, (x)=0

H=1 j 4> x(I1% (x) + B*(x))

quantization: IT(x)=0/i0 A’ (x)

GauR law: DIV = pm‘l"

residual gauge invariance U(X): W(4")=¥(4)

H. Reinhardt Hamiltonian approach to QCD




dA =0, Ay

curved space J( AJ_)
Faddeev-Popov J(AL) = Det(—D0)
[MM=T1"+I1", TI-=6/i8A"

Gauld law:

resolution of

Gauly’ law HH = —a(—Da)_lp, L= (_;A:LHi T pm)

H. Reinhardt Hamiltonian approach to QCD 7




Hoamitonioww approach to-YMT
inv Coulomb-gauge A =0

H=%J(]‘1HJH+Bz)+HC [M=5/i5A

Christ and Lee

[ J(A")= Det(—D09) D® =8% o+ gf " A° }

H_ = %JJ_IpJ(—D 0)'(=9*)(=Da) ' p Coulomb term
color charge density p'=—f"ATI +pl  pl=4q't'q
(9].-lw)= [ DAI(A)W (4)..p(4)

HylAl=EylA]



Variational approach to YMT

M trial ansatz

|
Y(A)= xp| —1 | dx dyA(x A
(4) \/Det(—Da)ep[ L [ dxdyA(x) ]
(A(x)A(y)) = (2 )"
variational kernel determined from

<‘P‘H“P>%min

H. Reinhardt Hamiltonian approach to QCD 12




gthfl energy D. Epple, H. R. & W.Schleifenbaum, PRD 75 (2007)

IR: w(k)~1/k UV: w(k)~k

H. Reinhardt Hamiltonian approach to QCD (K]




MC

MC p->M?/p
Fit Gribov
Ham. appr.

lattice: G. Burgio, M.Quandt, H.R., PRL102(2009)
continuum: D. Epple, H. R., W.Schleifenbaum, PRD 75 (2007)

H. Reinhardt Hamiltonian approach to QCD 14




Variational approach to YMT with
non-Gaussian wave functional

ly| A|F=exp(-S| 4))

S[4]= o4 +L[yOL +L [y 4"

H. Reinhardt Hamiltonian approach to QCD )




lattice +
Gaussian functional - - - -
Non-Gaussian functional

H. Reinhardt Hamiltonian approach to QCD 16




The Ghost Propagator

(-D3)")=d/(-A)

Log10[p]

horizon condition

d'(0)=0

necessary for confinement



The Ghost Propagator

(-D3)")=d/(-A) )

T

wwCT
ww/o CT
dwCT ——
dw/o CT -------

Log10[p]

2, 9
horizon condition P/ 95

1 Lattice-data: L.Moyaerts, Diss, Tubingen, 2005
d (0)=0

continuum: C.Feuchter, H. Reinhardt,
Phys.Rev.D77(2008)

necessary for confinement



®ohost propagator

B dielectric ,,constant
0.7
0.6
0.5
H.R. PRL101 (2008) .
0.2
B horizon condition:
8.001 0.01 0.1 1 10 100 1000
b k [GeV]
|
H Reinhardt Hamiltonian approach to QCD 18




D

ek oD = p Jree

@ b .

no free color charges in the vacuum: confinement

H. Reinhardt Hamiltonian approach to QCD 19




®ohost propagator

(44

B dielectric ,,constant

H.R. PRL101 (2008)

B horizon condition:

B QCD vacuum:

H. Reinhardt
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0.1

0
0.001 0.01

Hamiltonian approach to QCD

0.1

]
k [GeV]

10

100

1000

18




connection to the center vortex
picture of confinement

10

sVR —_—4t

ghost form factor

SU(2)

d(p)

G. Burgio, M. Quandt,
H.R. & H.Vogt,
Phys. Rev.D92(2015)

p [GeV]

*elimination of center vortices: IR enhancement disappears

. hovizown condition ('(0)=0 1S lost



Q-Q-potential: SU(2)

vortex only, b=2.2
vortex only, b=2.3
vortex only, b=2.4
vortex only, b=2.5
vortex rem, b=2.2
fit to vortex rem
vortex rem, b=2.3
vortex rem, b=2.4
vortex rem, b=2.5

fit to full
fit to vortex only

0]

vortices




[ Non-Abeliowv Couloml- po-’t'e/mt’bal/}

Vo (%,5)=(X|(=D9) (-0 }-Dd)'|y)
= [ & pexplip(i - $)1d(p)) / p*

16 I I I I

14 =

D. Epple, H. Reinhardt
W.Schleifenbaum,
10r i PRD 75 (2007)

12 -

L ////'/ - V(r) = _rT ~1/r

V(r)= ——— O,
V()-Vy, |
Linear Ert ------

N oOON A O @
T

I I I
0 5 10 15 20 25 30

lattice: 6. =2..40,, 6, <06, D.Zwanziger

O.islinkedtoo, . andnottoo, ... G Burgio, M. Quandt,

H. R. & H. Vogt,
Phys.Rev.D92(2015)



The QCD Hamiltonian in Coulomb gauge

I = P e i
gluow part
Hy, =%[(U7TUNI+B)  TI=-i§/6A  J(4*)=Der(-Da)
quark pout
H = [¥'(lap+gA)+Bm,]¥(X) @8- Dirac matrices
Couwlomb- termv
He =4 [17p(-=Da)" (~9*)(=Da) 'Ip
color chawrge density

p* = —f*A°TI° + P (x)t"P(x)

H. Reinhardt 45




P. Vastag, H. R.
D. Campagnari
quawk wawve functional Phys.Rev.D93(2016)
(A|®) = eXpU‘P+T(s,B+V&ﬁ+W,B&X)‘P_ }| 0)

s,v,w— variational kernels o, 3 — Dirac matrices
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P. Vastag, H. R..
quawrk wawve functional th&.ng\T D93(2016)
(A|®) = eXpU\P+T(s,B+V&X+W,BE{X)‘P_ }| 0)
s,v,w— variational kernels o, 3 — Dirac matrices
Finger & Mandula

v=w =0: BCS —wave function Adler & Davis
Alkofer & Amundsen

v#0,w=0: quark - gluon - coupling  Pak & Reinhardt,



quark wowe functional

(A|®@) = eXp[J“Ij+T(Sﬁ+V&E+Wﬁ&E)‘P_ }| 0)
s,v,w— variational kernels o, 3 — Dirac matrices
>caleulate <Hacr> up to 2 Loops

> variation w.r.t. S, V, W
v(p,q)=f.|s,0] w(p,q) = fW[S,CU]

[ s(p)= f,[s,v,w; p] } gak eguation
cancelation of all UV-divergencies

D. Campagnari, Ebadati, H.R & Vastag, PRD94(2016)




cancellatiow of UWV-divergencies

(A| @), =exp| [W.'(sp+vorAvwpo-A)Y_|0)

divergent Loop contributions to the gap equation

> kernel V

Cr
16%29

25(k) [—21\ +k 111% (—% + 4P(k))]

> kernel W

@2:;@ 1?;2 g>S (k) le + kln% (13—0 - 4P(k)>]

> Coulomb term V.
C A
N\ —50°kS (k) n =




cancellatiow of UWV-divergencies

> poeurs not only i 2+1 but also Ln

241 dimension



P. Vastag, H. R.
D. C '
quark wawve functional Phys. Rev.DIS(2016)
(A (I)>q = exp“‘l’f(sﬁ+v&ﬁ+wﬁ&?i)‘l’_ }| 0)

s,v,w— variational kemels &, 3 — Dirac matrices

numericol calaudationy

D. Campagnari , E. Ebadati, H.R. and P: Vastag,
arXiv:1608.06820,PRD94(2016)074027

W (k)= Jk* + 2 M =0.88GeV

lattice: o0, =2.50 G. Burgio, M.Quandt , H.R,,
PRL102(2009)

choose g to reproduce <qq> =(-235MeV) =g=2.1



vector form factors v, w

, z=cos<¥X(p,,P,)

vow(p,,B,):  p=|p|=|p,

0.6

‘0
\
\ 0.3
|
\

0.4 | 0.2

10" 0.2V [1/GeV] 1.0 0.1 WI1/GeV]
0.0

0.0



011

0.01 |

0.001 |

0.0001 - Coupling included

. Without coupling ——-- \

1e-05 SR
0.01 0.1 1

p |GeV]

-quark-gluon coupling modifies only the
mid- and high-momentum regime

-low-momentum regime is dominated by
Coulomb term
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M [MeV]

0.

10
" Coupling included \m\%
1 = Without coupling ———- Y ]
- Numerics =
Numerics g =0 =
1 . . e
0.1 1

H. Reinhardt

effective quark mass

D.Campagniari, E.Ebadati, H. Reinhardt, P.Vastag, PRD 94 074027 (2016)

p [GeV]

> coupling to transversal gluons nereases quark condensate

Kolymbari 2018

_ 2pS(p)

M(D) =
(p) —5°()

Quark condensate
(79) = (—236Mev)®
g=21
Adler-Davis (g=0):
(79) = (—185Mev)®
IR-mass:

M(0)=140MeV

34
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Covariant vs Constituent Quark Mass

S,(p)= | %&S(p)

»massive Dirac particle

_ _ p+m _7713_’" _ [=2 2
S l(p):p—m S(p)—pz_mz S,(p)= ’F, E,=\p +m

“momentum dependent mass

S (p)= pA(p*)-B(p*)  M(p")=B(p*)/ A(p*)

1 37]3—M3(132) /°°dp 1 M (p2 + p?)
o A

S —
5(P) Z(pz) 2E;, M;(p?) = P2+ p?) p2 +p2 + M2(p? + p?)

% 1 1
1
/0 AP p?) o2+ p2 + M2(p% + p?)

=\/p2+M32(p2) _
D. Campagnari & H. R, PRD97(2018)

H. Reinhardt Kolymbari 2018
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Covariant vs Constituent Quark Mass

1
D. Campagnari & H. R ,
0.8 F PRD97(2018)
06F
M(p) from DSE,

0.4 F M. Huber
0.2 F

0 1

0.001 0.01 100

M (0)~ 3 M(0)

H. Reinhardt Kolymbari 2018



suwmmawy of T=0 calcudation

® Hamiltonian approach to QCD in Coulomb
gauge:
® decent discription of the IR properties
® confinement

® SB of chiral symmetry

® reasonable agreement with lattice data
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s Critical point?
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Hamiltonian approach to
finite temperature QFT

Temperature T [MeV]

o
N

[a]
« %
Color Super-
Neutron stars  conductor?
' J A
1

0

7/
Nuclei Net Baryon Density

® partition function

Z(L)=Trexp(-LH) T=L"

® necessitates approximation to density operator e€xp(—LH)

® common: quasiparticle approximation(Wick’s theorem)

>alternative Hamiltonian approach to finite temperature QFT:

compactification of a spatial dimension

H. R. Phys.Rev.D94(2016)045016



Finite temperature QFT

Z(L)=Trexp(—LH) = JD(A,w)exp{—J.dxo Id3xLE(A,l//)}

® compactification of (Euclidean) time
1 3
® bc: A(X'=L/2)= A(x"=-L/2) Bose fields L(D S (L)XR

w(x"=L/2)=-y(x*=—L/2) Fermi fields ] s oo




Finite temperature QFT

Z(L)=Trexp(—LH)= JD(A,w)exp{—J.dxo Jd3xLE(A,l//)} 1T = L_l

0

® compactification of (Euclidean) time
(T ) swme

® bc: AW'=L/2)= AKX’=-L/2) Bose fields
w(x"=L/2)=—y(x"=-L/2) Fermi fields [ — oo

® exploit the O(4)-invariance of the o xt Ao A Yy
Euclidean Lagrange density to rotate
the time axis onto a spatial axis

¥ —=x Al A" gyl sy




Finite temperature QFT

Z(L)=Trexp(—LH)= JD(A,w)exp{—J.dxo Jd3xLE(A,l//)} 1T = L_l

0

® compactification of (Euclidean) time
(T ) swme

® bc: AW'=L/2)= AKX’=-L/2) Bose fields
w(x"=L/2)=—y(x"=-L/2) Fermi fields [ — oo

® exploit the O(4)-invariance of the o xt Ao A Yy
Euclidean Lagrange density to rotate

. . e X—=xt Al A" y oy
the time axis onto a spatial axis

® compactification of one spatial dimension () )
L

Ax*=L/2)= A(x*=-L/2) Bose fields
® bc:

w(x’=L/2)=—wy(x’=-L/2) Fermi fields

[ — oo




Finite temperature QFT

Z(L)=Trexp(—LH) = JD(A,w)exp{—J-de | d3xLE(A,w)} T=L"

0

® compactification of (Euclidean) time
LO ) S'(L)x R’

® bc: AW'=L/2)= AKX’=-L/2) Bose fields
w(x"=L/2)=—y(x"=-L/2) Fermi fields [ — oo

® exploit the O(4)-invariance of the ot A=A syl
Euclidean Lagrange density to rotate

. . A X—=xt Al A" y oy
the time axis onto a spatial axis

® compactification of one spatial dimension

A(xX>=L/2)= A(x*=-L/2) Bose fields
® bc: L
w(x’=L/2)=-y(x’=-L/2) Fermi fields
1 2
® canonical quantization on the spatial manifold S (L)xR | = oo

Z(L)= %IIE Trexp(=lH(L))= %irgZexp(—lEn (L)= %IIE exp(—IlE,(L))

® femperature is now encoded in a ,,spatial “dimension while
,time* has infinite extension independent of the temperature



Hamiltonian approach to finite temperature QFT

® partition function H. R. Phys.Rev.D94(2016)045016
Z(L)= %im Trexp(—lH(L))= %im exp(—IlE,(L)) |
L
thermodynamics of a relativistic QFT is completely given | — oo

given by its vacuum state on the spatial manifold R>xS'(L)

e ground state energy on R’ xS'(L) E,(L)= [’Le(L)

® pressure: P=—90[Ve(L)]/dV V=I P=—e(L)

® energy density: e=09[Le(L)]/dL—ude/ou

® Dirac fermions with finite chemical potential

h=a-p+Bm— h+iua’



Relativistic Bose gas

H -1
® grand canonical ensemble T=L

2

_2 3 p =
P= 3 J.d p a)(p) n(p) n(p) eLw(p) -1

w(p)=+/p>+m’




Relativistic Bose gas

H -1
® grand canonical ensemble T=L

2

—2 3 14 — 1 — 2 2
P=3[d PP D=y @)= ptem

® (pseudo-)energy density on R2xS'(L)

1 1 « 2
()= [dp. = Y m +pl vl 0=

n=—oo




Relativistic Bose gas

H -1
® grand canonical ensemble T=L

2

—2 3 14 — 1 — 2 2
P=3[d PP D=y @)= ptem

® (pseudo-)energy density on R2xS'(L)

1 I <
(L= [d’p,— Y m* +pi+o; o=

n=—oo

1 oo
VA = lim | dTtexp(—TA)
I'(- %) A 1/'1’.\2

® proper-time regularization




Relativistic Bose gas

H -1
® grand canonical ensemble T=L

2

_2(.3... P —
P=3]dposntp)  n(p)= g

w(p)=+/p>+m’

® (pseudo-)energy density on R2xS'(L)

1 1 « 2
e(L)zEJ.dzplzz\/m2+pi+a)j a)n=%

n=—o0

1 -
JZ:F l)ym j dTexp(—TA)
® proper-time regularization (=222

k=00 Nn=o0
) ) e
® Poisson resummation LY M=) 5(x—27n)

k=—c0 Nn=—oo




Relativistic Bose gas

H -1
® grand canonical ensemble T=L

2

_2(.3... P —
P=3]dposntp)  n(p)= g

w(p)=+/p>+m’

® (pseudo-)energy density on R2xS'(L)

1 1 « 2
()= [dp. = Y m +pl vl 0=

n=—oo

1 -
JZ:F l)ym j dTexp(—TA)
® proper-time regularization (=222

k=00 Nn=o0
) ) e
® Poisson resummation LY M=) 5(x—27n)
k=—°° n=—oo

m

| = 2
P=—e(L)= = > (E) K_,(nLm) modified Bessel function

N=—oc0




Relativistic Bose gas

H -1
® grand canonical ensemble T=L
2

_2 3 pP — 1 _ 2 2
P=2]d PP D= o) Jp +m

® (pseudo-)energy density on R*xS'(L)

1 1 « 2
()= [dp,— Y m +plr0]  0,=""

n=—oo

| -
JA = - l)ym j dTexp(—TA)
® proper-time regularization (F2) A7)

. . ikx N
® Poisson resummation £ e =) 5(x—27n)

k:—oo Nn=—oo

]l <~ ( m ’
P=-el)=-— > (Zj K, (nLm) modified Bessel function

Nn=—oo

® massles bosons: m=0

5(4)T4 _ T e

T’ 90

Stephan — Boltzmann — law P=




QCD at finite T

® Hamiltonian approach in Coulomb gauge on the partially
compactified spatial manifold R? x §'(1.)

H. R. Phys.Rev.D94(2016)045016 s'wy [}

® finite temperature is fully encoded in the vacuum

e variational solution of the Schrodinger equation for the vacuum

chival phase transition
M.Quandt, E.Ebadati, H.R. & P.Vastag

>quark condensate Phys. Rev D98,arXiv:1806.04493

deconfinement phase transition

>Polyakov loop H. R. & J. Heffner, PRD88

M.Quandt & H.R. to be published



The QCD Hamiltonian in Coulomb gauge:
Adler-Davis model

-neglect coupling of quawrks to-the spatial gluons

-keep only IR pout of the Coulomb-potential 3
——— Y.azz:.:: |

H,, = [d'x¥ (x)0B¥(x) +1 [ dxd’yp(R) V(X - 9)p(F)

color charge density p*(x)= P (x)t"¥(x)

wave functional: | @) = epr‘P:ﬁ LP_]O>

uVv-finite

H. Reinhardt 45




Quark condensate

ww) 1 {wy),

1.5

Poisson
+  Matsubara 7
1 —————————————————— :————:—— . —
\: |
\\t _
0.5 \\+ _|
\t\ |
0 I I I I | I I I 1 | 1 \\!l _e_l-t—h\,l Lo | | o | [
0 0.05 0.1 0.15 0.2 0.25



Adler-Davis model on R*xS'(L)

-2. order transition

critical temperature:

-neglect of spatial gluons
adjust o,=4.10

(qq)=(-235MeV)’

T =0.13/o,

T =115MeV

X

-neglect of UV-part of the Coulomb potential

-quenched: T=0 gluon vacuum: O . increases with T

1.5 , — :
1 e e . —
o .
B ;
5 %
g \
0.5 \ _
i
P I B I SR PSP SF ORI SN
0 20 40 60 80 100 120 140 160
T/MeV

FIG. 7: Chiral condensa

canonical finite temperature Hamiltonian approach with
quasiparticle approx. to the density operator exp(-H/T):

function of the temperature, from both the Matsubara and Poisson

sate as a fun
ormulation. The dashed line indicates a fit to the Poisson data from which the critical temperature is

determined.

TZ‘”Z =155MeV




The Polyakov loop B
in the Hamiltonian approach 4, =0

[ P[AO]()_E):dirtrPexp{iJ’dono(xo,ic’)} J T'_1 — L <O> ! *A4 >

]R3

canonical Hamiltonian approach to finite T:
Polyakov loop - not accessible

alternative Hamiltonian approach to finite T
with a compactified spatial dimension:
Polyakov loop - accessible

{ P[A3](5c’l)=dirtrPexp[iJ.dx3A3()?l,x3)} } Tv_1 — L (O) AA )

R‘Z




The Polyakov loop-
order parameter of confinement

PLAJX) =7 trPexp{iJ oA (% X)}

Polyakov gauge: 9,4 =0, A, =dagonal

SU2):P[A,](X)=cos(A,(X)L) unique function of A,

(AAIR)  PI(A)]®)  (AX)

J. Braun, H. Gies, J. M. Pawlowski, Phys. Lett. B684(2010)262



effective potential of the Polyakov loop
in the Hamiltonian approach on R*xS'(L)

(H) =min(H ) under the constraint: (A)=a

<H >a = ("spatial" volume) e|a]

ea,] (pseudo-) energie density on R*xS'(L)

background gauge: [0+a,A]=0

Ga, background gauge (ﬁ ) = Ga:O, Coulomb gauge (ﬁ )

|

D— U weights

roots

fermionic line: p

0]

Ql

bosonic line: p=p—



The gluon effective potential SU(2)

variational calculation in Coulomb gauge

4 N

0.02

" 280MeV

-0.02 f

-0.04

0))

-0.06 F
-0.08 |

L4(e[a]-e[a

_ 2%TMev T/
\ i -"""'

01 F N

-0.12 \ 7
S 262MeV .~
014 | S

-0.16

0 0.2 0.4 0.6 0.8 1

- J

second order phase transition:

input . M =880MeV T.=269MeV

H. Reinhardt & J. Heffner,Phys.Rev.D88(2013)



The effective potential for SU(3)

SU(3)-algebra consists of 3 SU(2)-subalgebras
characterized by the 3 non-zero positive rooots

Csyxal= Eeswzxm[a]

o>0



S o
)
o o

©
o1

L*(e[al-e[a=0])
o

The full effective potential for SU(3)

variational calculation in Coulomb gauge
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H. Reinhardt & J. Heffner,Phys.Rev.D88(2013)



Polyakov loop potential for SU(3)

0])

L4(e[a]-e[a

0.3

299 MeV

.:i.:.': Seol
’\':.... YO0, .. 280 MeV -
01 } N T e e et
\o ....n
N
No T e
02 F \.\ ............ 272MeV . T
.\. ..................................
\.
-03 N, -
N, -
S 263MeV .7
-O 4 1 3 \‘\- "'.’.
0.2 0.4 0.6 0.8 1
X

input : SU(2)—data:
M =880MeV

T, =283MeV
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08
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04

02

The Polyakov loop

Fermionen+Gluonen' Ferrﬁionen+é|uonen '
Gluonen / Gribov Formel 1} Gluonen / Gribov Formel
0.8 |
E 0.6 |
S,
o
04 F
02}
o L L L L L 1 1
02 0.4 0.6 0.8 T ' ' ' ' 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

T/ T,

SU(2) SU(3)

=no ghost loop

M. Quandt & H.R, to be published
*no Coulomb term



Conclusions

»Hamiltonian approach to QCD in Coulomb gauge at T=0

= decent description of the IR sector
= confinement
= chiral symmetry breaking

= satisfactory agreement with lattice

=QCD at finite temperature

» compactification of a spatial dimension S'(L) O
Y !

" chiral phase transition e
* weak second order

= effective potential of the Polyakov loop
» deconfinement phase transition in YMT
» SU(2): 2.order
= SU(3): 1.order
= jnclusion of quarks:
* deconfinement phase transition is turned into a crossover
» dual quark condensate

woutlook: -Polyakov loop with Coulomb term(2-loop)
. -finite chemical potential
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