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New precise determination of the QCD transition 
temperature Tpc = 156.5 ± 1.5 MeV
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Methodology I: The Taylor expansion method

Cumulants of conserved charge fluctuations, can also be measured 
as event-by-event fluctuations in heavy ion collisions
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Compute expansion coefficients of the pressure
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Net baryon number fluctuations diverge at the critical point
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up to 4th-order in 𝝁:

Christian Schmidt

⇒ much less operators to measure!

from 6th-order in 𝝁 onwards:

Notation: relevant operators are derivatives of the determinant

exponential dependence: linear dependence:

all                      for  k>1

Gavai, Sharma 2015

Criticality in QCD and the HRG
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Combine quark number fluctuations (        ) to obtain hadronic fluctuations (         ). �uds
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Determine strangeness (         )  and electric charge chemical (         ) potentials by 
imposing strangeness neutrality              and                        (order by order in the 
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In terms of the shape parameters of the distribution we find
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Eventually we want calculate observables along the crossover (and freeze-out) line, we 
thus need spline interpolations of our data at discrete temperature values.

Criticality in QCD and the HRG
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The fermion determinant stays real at imaginary chemical potential, the imaginary 
chemical potential is implemented as phases to the time linke link variables

Criticality in QCD and the HRG

Results can be analytically continued to real chemical potential

The QCD partition function is periodic in              due to the Roberge-Weiss (RW) 
symmetry, with a periodicity 
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FIG. 1: Sketch of the phase diagram of QCD in the T − µB,I

plane. The vertical lines are the RW transitions, the dashed
lines are the analytic continuation of the pseudo-critical line.

fermions, have shown interesting features for the RW
endpoint transition for both Nf = 2 and Nf = 3 de-
generate flavors: the transition is first order for small
quark masses, likely down to the chiral limit, second or-
der for intermediate masses, and first order again for
large quark masses; the three regions are separated by
tricritical points [38–40]; for Nf = 2 the tricritical point
delimiting the first order chiral region takes place for
mπ ≃ 400 MeV [40]. These results, which suggest a strict
relation of the RW endpoint transition to the chiral prop-
erties of the theory, have been confirmed by simulations
employing standard Wilson fermions, even if with indi-
cations of a strong cut-off dependence for the location of
the tricritical points: indeed, the chiral tricritical light
pion mass has been located at mπ ≃ 910 MeV for Nt = 4
and at mπ ≃ 670 MeV for Nt = 6 [49].
A systematic study adopting stout improved staggered

fermions has been reported in Ref. [46] for Nf = 2 + 1
QCD with physical quark masses, employing lattices
with Nt = 4, 6, 8 and 10, i.e. going down to lattice
spacings of the order of 0.1 fm. This has permitted
to obtain a reliable continuum extrapolation for the
endpoint transition temperature, TRW ≃ 208(5) MeV,
corresponding to TRW /Tc ≃ 1.34(7) where Tc is the
pseudo-critical chiral crossover temperature at zero
baryon chemical potential. A finite size scaling (FSS)
analysis has been performed only for Nt = 4 and 6 and
has provided evidence for a second order transition,
meaning that the chiral tricritical pion mass, if any, is
lower than the physical pion mass, mπ ≃ 135 MeV.

In this study we extend the analysis of the RW end-
point adopting the same improved discretization already
used in Ref. [46], exploring lower than physical quark
masses, going down to a pseudo-Goldstone pion mass of
the order of 50 MeV. Our purpose is twofold. First, in
view of the apparent strong reduction of the chiral first
order region, we would like to understand if a chiral tri-

critical pion mass can still be located. The exploration of
the QCD phase diagram at zero chemical potential, usu-
ally summarized in the so-called Columbia plot, has pro-
vided evidence for a general shrinking of the first order re-
gions as the continuum limit is approached, and presently
it is not even clear if a first order survives in the chiral
limit for the Nf = 4 or Nf = 3 case [63], where standard
universality arguments would predict it [64]. Therefore,
the fact that a first order RW endpoint transition is still
found in the chiral and continuum limit of Nf = 2 + 1
QCD is not guaranteed.

Let us say right from the beginning that the task itself
is highly non-trivial. Indeed, due to well known problems
in the lattice discretization of fermion degrees of freedom,
a reliable approach to the chiral limit is only possible if
the continuum limit is approached first [65], while keep-
ing finite size effects under control. In other words, for
a reliable investigation one should guarantee at the same
time that: i) one gets close enough to the chiral limit;
ii) one stays close enough to the continuum limit so that
the chiral properties of dynamical fermions are effective
(in the present context of staggered fermions, that means
that taste symmetry breaking is negligible and all pions
becomes effectively light); iii) the physical volume of the
system is still large enough, in particular Lmπ ≫ 1 as
mπ → 0. Satisfying all these criteria is still an unbear-
able task, even for present computational resources.

The present study is limited to Nt = 4 lattices and
therefore represents just a small step. We anticipate
that we have not been able to detect any signal of a first
order transition down to mπ ≃ 50 MeV. On one hand,
one might consider this result as inconclusive for the
reasons exposed above: as we will show, our approach to
the chiral limit on Nt = 4 actually means that just one
pion mass goes to zero, while the others stay finite and
quite heavy (larger than 400 MeV), so that it is not clear
which kind of “chiral” theory one is really approaching.
Nevertheless, on the other hand, it is a striking fact that
results change so drastically with respect to earlier results
on Nt = 4 lattices [38–40] (a tricritical pion mass de-
creasing by at least one order of magnitude or vanishing
at all), by just improving the discretization of the theory.

The second purpose of our investigation is an improved
understanding of the relation between chiral and cen-
ter symmetry and the RW transition. In the massless
limit, one could expect two different transitions tem-
peratures, Tχ and TRW , along the RW chemical po-
tentials (µB = ikπT with k odd), one corresponding
to the restoration of chiral symmetry and the other to
the breaking of the remnant center symmetry. Exam-
ples where the chiral restoration transition is well decou-
pled from the center symmetry breaking transition are
well known in the literature, like for instance QCD with
fermions in the adjoint representation [66]. In this case,
results obtained at finite quark mass show that the two
transitions are generically close to each other; however
what happens in the chiral limit, where both symmetries
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Use (2+1)-flavor of HISQ-fermions, with physical strange and light quark masses.

Lattices sizes are                                               , at 9 different temperature values. 323 ⇥ 8, 483 ⇥ 12, 643 ⇥ 16
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Statistics: Compared to our previous analysis of skewness and kurtosis [HotQCD, PRD 
96 (2017) 074510] we increased the statistics on (            )-lattices by a factor 3-4 and on 
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Order of the expansion: We can now go to N3LO, compared to NLO in our previous 
study. I.e., we include 8-th order expansion coefficients of the pressure. 

Recent Calculations were performed on 
Summit, using Nvidia’s V100 GPU’s.
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Results: The expansion coefficients of the pressure 
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Results: The net baryon-number density 
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Cut-off effects are negligible for                        
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Results: The net baryon-number density 
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FIG. 1. Left: Expansion of RB
12 ⌘ MB/�

2
B at a fixed temperature close to the pseudo-critical line Tpc(µB) versus the baryon

chemical potential. Left: Up to N3LO expansion on lattices of size 323 ⇥ 8 (lines) and 483 ⇥ 12 (bands). Right: Continuum
estimate for RB

12 based on NNLO and N3LO expansion results. The width of the line reflects statistical and systematic errors
as explained in the text. The width of the HRG results reflects systematics arising from exclusion or inclusion of resonances
predicted to exist in Quark model calculations but not listed in the Particle Data Group tables.

T = 156.76 MeV and T = 157.13 MeV, respectively.
We find that cut-o↵ e↵ects are negligible for µB/T  1
and are small and comparable to the statistical errors for
the N⌧ = 12 data up to µB ' 1.2. This holds true for
all all temperatures T 2 [150 MeV : 175 MeV]. We thus
can perform controlled estimates for continuum limit re-
sults in a range of chemical potentials T<

⇠200 MeV. At
T = 170 MeV we show our continuum extrapolated re-
sults for RB

12 in Fig. 1 (right). The band shown for
this continuum estimates take into account di↵erences in
the continuum extrapolations based on O(µ4

B) (NNLO)
and O(µ6

B) (N3LO) expansions of �B
2 (T, µB) (and corre-

spondingly for �B
1 (T, µB)). Also shown in Fig. 1 (right)

are results for a RB
12 calculated for a non-interacting

hadron resonance gas using resonance from the PDG ta-
bles as well as additional resonances calculated within
the Quark Model. For µB<

⇠120 MeV we find good agree-
ment between our lattice QCD results and HRG model
calculations.

FIG. 2. The cumulant ratios RB
12(T, µB) ⌘ MB/�

2
B versus

temperature T and baryon chemical potential µB .
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FIG. 3. The ratio of cumulant ratios RX
12 = MX/�2

X for net-
baryon number (X = B ) and net-proton number (X = P
fluctuations versus RP

12. Shown are results for a hadron res-
onance gas with vanishing strangeness (nS = 0) and electric
charge to baryon number ratio, nQ/nB = 0.4 for several val-
ues of the temperature. Vertical lines show results for RP

12

obtained by the STAR collaboration at several values of the
beam energy.

Good agreement between lattice QCD results for
RB

12 = MB/�2
B and HRG model calculations we find in

the entire temperature region T 2 [145 MeV : 165 MeV].
In Figure ?? we show the continuum extrapolated re-
sults for RB

12(TµB) obtained from a polynomial inter-
polation of all our data for the temperatures and lat-
tice sizes given in Table I. In the regime where lattice
QCD results and HRG model calculations agree well for
low order cumulant ratios, i.e. the mean over variance,
MB/�2

B ⌘ RB
12, it may be appropriate to establish a link

between the ratio of mean and variance of net proton-
number fluctuations and net baryon-number fluctuations
through their HRG relation [8]. This in turn allows to
compare the experimentally determined ratio RP

12 with

Criticality in QCD and the HRG
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Convergence gets worth with increasing order of the cumulant and with decreasing 
temperature.             

NLO and NNLO corrections are negative.            
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Continuum estimates of         and        as function of            for various temperatures.RB
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Ratios drop with increasing            and with increasing temperature. 
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Continuum estimates of         
and        as function of        on 
the crossover line.
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Large statistical uncertainties            

NLO corrections are negative 
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STAR: indication for non-monotonic 
behavior in        for                         
with 3.0𝝈 significance [2001.02852].
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Figure 4: Ss (left panel) and ks2 (right panel) as a function of collision energy for net-proton

distributions measured in Au+Au collisions. The results are shown for central (0-5%) and periph-

eral (70-80%) collisions within 0.4 < pT (GeV/c) < 2.0 and |y| < 0.5. The error bars and caps

show statistical and systematic uncertainties, respectively. The vertical-dashed (0-5%) and dash-

dotted (70-80%) lines correspond to results from a hadron resonance gas (HRG) model 26. The

orange (0-5%) and black (70-80%) shaded bands are the results from a transport model calcula-

tion (UrQMD 33). These model calculations utilize the experimental acceptance, and incorporate

conservation laws for strong interactions, but do not include a phase transition or a critical point.

The large values of C3 and C4 for central Au+Au collisions show that the distributions have

non-Gaussian shapes, a first possible indication of enhanced fluctuations arising from a possible

critical point 15, 17. The corresponding values for peripheral collisions are small and close to zero.

For central collisions, the C1 and C3 monotonically decrease with
p

sNN, while the C2 and C4 show
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STAR, arXiv:2001.02852

Lattice: would need a reliable10th-

order calculation to see non-
monotonic behavior in       . RB
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Look for poles of      in the 
complex plane 

�B
2

<latexit sha1_base64="ESHrg7g1vnzAgTgep8Iyh4o8HDA="></latexit>

3



Singularities in the complex plane

!25Christian Schmidt Criticality in QCD and the HRG

�2 �1 0 1 2
Re R±

�2

�1

0

1

2

Im
R

±

Re[µB/T ]

<latexit sha1_base64="mRlpRZvqe8vZRekHpVuagBs56AI="></latexit>

Im
[µ

B
/
T
]

<latexit sha1_base64="hP+2SxT39tJSbaIedRfbPh1QsX4="></latexit>
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Estimate of the radius of convergence of the 
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[Almási et al, PRD 100, 016016 (2019)]
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FIG. 10. Schematic view of the singularities in the complex
chemical potential plane (first quadrant only). The arrows
indicate the direction each singularity moves when the tem-
perature is increased.
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FIG. 11. The Fourier coefficients k4bk at mπ = 0.1mphysical
π

(upper panel) and at 0.5mphys
π (lower panel) for tempera-

tures near Tpc. In the lower panel, the results at T = 228
and 229 MeV have been multiplied by the factors 5 and 0.2,
respectively.

law scaling and oscillatory behavior found in the chiral
limit for temperatures above Tpc [36].
The resulting Fourier coefficients for temperatures near

the crossover temperature Tpc are shown in Fig. 11. The
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FIG. 12. Same as Fig. 9, but for the light pion mass.

upper panel shows the results for a small pion mass,
mπ = 0.1mphys

π . At T = Tpc, we find an oscillatory
behavior of k4bk, accompanied with a slow damping of
the amplitude. A comparison with temperatures slightly
above and below Tpc, shows that the oscillation frequency
increases with temperature, while the damping of the am-
plitude is reduced with temperature. This observation
is in qualitative agreement with the temperature depen-
dence of the location of the singularity in the complex
chemical potential plane, shown schematically in Fig. 10.

We note that, given the limited range in k available
(k ! 50), one cannot distinguish between a fit with a
function proportional to e−ak/k2 with large a from one
proportional to e−ak/k4 and small a. Nevertheless, these
results clearly demonstrate the sensitivity of the Fourier
coefficients to small changes in temperature and pion
mass and thus to chiral criticality.

In the lower panel of Fig. 11, we show the Fourier

Schematic view of 
the singularities in 
the complex plane

See also: V. Skokov, INT 2020; M. Stephanov, hep-lat/0603014; 
C. Itzykson, et al Nucl.Phys. B220 (1983) 415.
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Need to find resummation schemes 
to extend range of validity 
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Add lattice calculations at imaginary 
chemical potential to constrain the 
singularities further
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Taylor expansion to                       at 
each point 

O((µB/T )4)
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Fit a rational function of high order 
to the data points and derivatives

Investigate poles of the function
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Singularities in the complex plane

Bielefeld-Parma (preliminary)
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Obtain zeros of the numerator and 
denominator

Some zeros match to high precision, 
for others its not so clear…

Zeros of the numerator
Zeros of the denominator

Zeros of the numerator
Zeros of the denominator
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Singularities in the complex plane

Bielefeld-Parma (preliminary)
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Obtain zeros of the numerator and 
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Some zeros match to high precision, 
for others its not so clear…
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The RW-singularity seems to be 
stable
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Singularities in the complex plane

Bielefeld-Parma (preliminary)
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The RW-singularity seems to be 
stable

Other singularities need further 
investigations…work in progress. 

Singularities may also be understood 
in terms of the Fourier coefficients of 
the  Im[�B
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Summary and outlook
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Lattice QCD calculations show a significant increase in precision for cumulant 
ratios along the crossover line in the QCD phase diagram for                      due to 
increase in the statistics and thus also the order of the expansion.            
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Presented first calculations of        and        along the crossover line.    RB
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Freeze-out temperature at                               seems not consistent with higher 
order cumulants.      

p
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Outlook:  
‣ Need to increase statistics for (              )- and (              )-lattices further.  
‣ Investigate resummation schemes to push Taylor expansion results to larger          .     
‣ Evaluate Fourier coefficients of the net-baryon density.
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At                                 we find thermodynamic consistency of the STAR data except 
for the        data.    

p
sNN = 54.4 GeV
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Criticality in QCD and the HRG

From preliminary data at imaginary chemical potential we could identify the RW-
singularity in the complex chemical potential plane, other singularities need further 
investigations.  
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