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                         If/when               
Fluctuations in relativistic heavy ion 
collisions are described by the hadronic 
degrees of freedom in equilibrium      

                                                                                        

 Deviation will suggest existence of 
Additional interaction/QCD critical point/
Non-equilibrium physics….. 

And, since QCD(Lattice) is basically 
describing a equilibrium thermodynamical/
statistical mechanical system  

  Deviations will suggest changes of 
degrees of freedom……… 
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Abstract
We calculate the first four moments of baryon number, electric charge and

strangeness fluctuations within the hadron resonance gas model. Different mo-
ments and their ratios as well as skewness and kurtosis are evaluated on the phe-
nomenologically determined freeze-out curve in the temperature, baryon chemical
potential plane. The model results and its predictions as well as relations between
different moments are compared with the first data on net proton fluctuations
in Au-Au collisions obtained at RHIC by the STAR Collaboration. We find good
agreement between the model calculations and experimental results. We also point
out that higher order moments should be more sensitive to critical behavior and
will also distinguish hadron resonance gas model calculations from results obtained
from lattice QCD.

CERN-PH-TH-2010-161
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dence for new phenomena at the time of hadronization that have not been seen in
experiments so far.

Of course, eventually thermodynamics at freeze-out should be described by
thermal QCD, eg. through lattice calculations. A direct comparison of exper-
imental and HRG model results on higher moments of charge fluctuations with
lattice calculations in the hadronic phase is possible [13], but is still difficult as
so far most lattice calculations are performed with staggered fermions on rather
coarse lattices. They need to be performed closer to the continuum limit to repro-
duce the correct hadron spectrum [14, 15]. Fortunately the calculation of ratios of
moments is less sensitive to such cut-off effects [5, 13, 16]. At present, it seems that
lattice QCD calculations of ratios of moments of charge fluctuations, performed at
non-vanishing chemical potential by using a Taylor expansion of thermodynamic
observables [17, 18], are in good agreement with HRG model calculations for tem-
peratures below the transition temperature. We will consider this issue in more
detail in Section 5 and indicate when such agreement may break down.

In the following we will discuss the dependence of higher moments of fluctu-
ations of baryon number, electric charge and strangeness on the collision energy.
In particular, we will calculate ratios of quartic and quadratic (kurtosis), cubic
and quadratic (skewness) as well as quadratic charge fluctuations normalized to
their mean value along a phenomenologically determined freeze-out curve in heavy
ion collisions. We also discuss correlations of different charges, eg. the correlation
of baryon number and electric charge normalized to the squared baryon number
fluctuations.

In the next section we will summarize basic results on the parametrization of
the freeze-out curve in heavy ion collisions. In section 3 we introduce moments of
charge fluctuations and discuss their calculation in the HRG model. In section 4
we compare the HRG model results with recent data on net proton number fluctua-
tions in heavy ion collisions at RHIC energies obtained by the STAR Collaboration
[19] and discuss additional fluctuation observables that may be analyzed to further
characterize thermal conditions at freeze-out. Section 5 is devoted to a compari-
son of the HRG model and lattice QCD calculations. We give our conclusions in
section 6.

2 Freeze-out conditions in heavy ion collisions

Abundances of strange and non-strange mesons and baryons produced in heavy
ion collisions in a wide range of collision energies are consistently described by
freeze-out temperatures and baryon chemical potentials that are a function of
collision energy only. In fact, the freeze-out curve T (µB) in the T -µB plane and
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Pressure of hadron resonance gas(HRG),

Naive expectation: Attractive 
and repulsive Interaction will 
be small at temperature,   T ≲ Tpc(Tf )

P =
X

H

g
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T 2m2

H

1X
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K2
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µ = (µB , µQ, µS), c = (B,Q, S)
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H is all possible (anti-)baryons and 
(anti-)mesons,
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The Proposal 
QGP  is a transient state. 

If formed in HIC it will cool back 
to hadronic matter at low 

temperature. Combination of all 
possible hadrons and hadronic 

resonances is called HRG(Hadron 
Resonance Gas)

HRG

LQCD
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HRG: Particles listed in PDG 
booklet. 

M. Tanabashi et al. (Particle Data 
Group), Phys. Rev. D 98, 030001 

(2018)

QMHRG: Particles listed in PDG + resonances 
predicted by Quark Model. 

S. Capstick and N. Isgur, Phys. Rev. D  34, 
2809 (1986). 

D. Ebert, R. N. Faustov and V. O. Galkin, Phys. 
Rev. D 79, 114029 (2009)



Tpc
Can be treated 

as Non-Interacting 
Hadrons!!

Can be treated as  
Non-Interacting Quarks??

Interacting Hot Hadron Gas?? Interacting QGP?? 
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Cumulants and correlations
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P = ∑
M

PM + ∑
B

PB + ∑̄
B

PB̄ Interaction between , 
,  is neglected

MM
MB(B̄) BB̄

Total pressure of our system, b is the excluded volume parameter.
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T
b

W( b
T

Pid(T, μ)) for, b ≠ 0 W is the LambertW function            
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Eigen Volume HRG(EV-HRG)

Ref: Excluded volume hadron gas model for particle number ratios in A︎A collisions, Mark I. Gorenstein 
et. al, arXiv: nucl-th/9711062.[More papers by their group]



Conserved charge cumulants vs EVHRG
, b = 4(4πr3/3) r ∼ 0.5 fm
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parameter consistent 

tuning  across all 
sector probably not 

possible!!
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Importance of resonances
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Hadron interactions with Smatrix 

π + N → N* → π + N
π + N → Δ++ → π + N
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g
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∞

mth

dϵ K2(ϵ/T ) (ϵ/T )2 dδIJ
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For Delta’s, Q = [2,1, − 1,0] For N*’s, Q = [1, − 1]
Note that, dδIJ /dϵ ∼ πδ(ϵ − mH)  ,  stable particles. e. g. nucleon gas.Pint ⇒ Pid

Ref:    Phys.Lett.B 778 (2018) 454-458,  P Man Lo,  B Friman,  K Redlich, C 
Sasaki , Phys. Rev. C 99, 044919 (2019),  A. Dash, S. Samanta, B. Mohanty.         

Other channels are missing!!

http://gwdac.phys.gwu.edu/analysis/
pin_analysis.html

http://gwdac.phys.gwu.edu/analysis/pin_analysis.html
http://gwdac.phys.gwu.edu/analysis/pin_analysis.html
http://gwdac.phys.gwu.edu/analysis/pin_analysis.html
http://gwdac.phys.gwu.edu/analysis/pin_analysis.html
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Hybrid Smatrix: The resonances that do not contribute to Smatrix analysis treated as stable particle
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Quark Number susceptibility at T ≥ Tpc

O(g2) O(g6 log g)

O(g6 log g) O(g3)

Deviations from ideal 
gas follow the 
expectation predicted 
by weak coupling 
calculations!! 
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H.-T. Ding, Swagato Mukherjee, H. Ohno, P. Petreczky,  H.-P. Schadler, Phys. Rev. D 92, 074043 (2015) 
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Quark Number susceptibility at T ≥ Tpc
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Lattice QCD to Phenomenology
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2 > 0.193 ± 0.0127

Ref: P. Braun-Munzinger et al. Phys. Lett. B747 (2015) 292, arXiv:1412.8614

Extracted from ALICE data at freeze-out,

Tf ∼ 156.5(1.5) MeV
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Tf ∼ 156.5(1.5) MeV



• The cumulants and correlations of conserved charge fluctuations calculated in 
Lattice QCD agrees well with QMHRG model in most cases (especially in the 
strangeness sector) at  . 

• We have provided (preliminary) continuum extrapolated results of the ratio of some 
cumulants that can be compared at freeze-out with the fluctuations and correlations 
currently being measured by the ALICE collaboration. 

• The cumulants and correlations at   provide the basis for Taylor 
expansions of various thermodynamic quantities for non-zero chemical potentials 
[see talks by C. Schmidt and D. Bollweg].  

• The deviations between higher order cumulants in QCD (Lattice) from HRG will 
influence the determination of freeze-out parameters. 

T ≤ Tpc

μB,Q,S = 0

Conclusions
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Thank you for your attention!!


