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Mass and radii of observed neutron stars and data from neutron star collisions give 

an excellent determination of the equation of state of strongly interacting matter

Such equations of state must be hard
The sound velocity squared is greater than or of the order of  1/3 at only a few times nuclear matter density

This is NOT what one expects from a phase transition
Relativistic degrees of freedom appear to be important

After a short review, will discuss a field theoretical method to include both quark and nucleon degrees of freedom in 
a consistent field theoretical formalism



From observations of neutron stars masses and radii, one gets very good information 
about the zero temperature equation of state of nuclear matter

One equates the outward force of matter arising from pressure inward force of gravity.  
This gives a general. relativistic equation of hydrostatic equilibrium.

For a specific equation of state, one obtains a relationship between radii and neutron star 
masses

Equations of state may be characterized by two dimensionless numbers

Sound velocity:
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and the trace of the stress energy tensor scaled by the energy density

Lecture I:  Neutron Star Matter and Some Conjectures on Scale Invariance



In a scale invariant theory  at zero temperature:

P = - dE/dV
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The trace of the stress energy tensor is taken to be a measure of scale invariance.  It is anomalous in QCD.
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In this equation, the beta function of QCD is negative, and the 
fermion term is from quarks.  It vanishes in the  chiral limit.

If we take matrix elements of single particle states
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In the chiral limit,  this implies E > B, as we expect for massive 
quarks, except for the pion, which is very tightly. bound 

For dilute systems, the trace anomaly is positive, as it is at high density for 
a quark gas.  In general, we expect it to be positive, except possibly for 

small effects due to pion condensate, if they exist

(Derivation will follow later)



Tews, Carlso, Gandolfi and Reddy; Kojo;  Anala, Gorda, Kurkela and Vorinen

As a result of LIGO 
experiments, and more 
precise measurement of 
neutron star masses, the 

equation of state of nuclear 
matter at a few time nuclear 

matter density is tightly 
constrained

Sound velocity approaches 
and perhaps exceeds 

v2s = 1/3
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at a few times nuclear 
matter density

Y. Fujimoto, K. Fukushima, 
K. Murase



1/3 – P/e approaches zero from above. By about 5 times nuclear 
matter density, the system is approximately scale invariant.

Suggests degrees of freedom are strongly interacting relativistic quarks

Work with Y. 
Fujimoto, K. 

Fukushima and M. 
Praszalowicz



Work with Y. 
Fujimoto, K. 

Fukushima and M. 
Praszalowicz

Peak in sound velocity is 
because system rapidly 

approaches scale 
invariant limit

The maximum measures 
the energy density of 
transition between 
nucleon and quark 
degrees of freedom

Quarkyonic matter has precisely the properties needed to describe this behaviour



Derivation of the Trace Anomaly (following Preskill)

Consider first pure Yang Mils Theory

<latexit sha1_base64="d6xoLKSen9wmY41p61VnIglNarI=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARXJVEiroRioK4rGgv0KRhMpm0g5NJmJmIJdTXcOOruHGhiDtx49s4bYNo6w8DH/85hzPn9xNGpbKsL6MwN7+wuFRcLq2srq1vmJtbTRmnApMGjlks2j6ShFFOGooqRtqJICjyGWn5N2ejeuuWCEljfq0GCXEj1OM0pBgpbXmmfQVPoEO5ug+61TuY2dCJdT+sDuG5lzlRCh2eau7+sGeWrYo1FpwFO4cyyFX3zA8niHEaEa4wQ1J2bCtRboaEopiRYclJJUkQvkE90tHIUUSkm41PG8I97QQwjIV+XMGx+3siQ5GUg8jXnRFSfTldG5n/1TqpCo/djPIkVYTjyaIwZVDFcJQTDKggWLGBBoQF1X+FuI8EwkqnWdIh2NMnz0LzoGIfVqqX1XLtNI+jCHbALtgHNjgCNXAB6qABMHgAT+AFvBqPxrPxZrxPWgtGPrMN/sj4/AbNH5+J</latexit>

S =

Z
d4x

1

4
Fµ⌫F

µ⌫

Generalize to general curved background
<latexit sha1_base64="p8S5ZrVaNugGjq0cVZSFpIrzS9U="></latexit>

S =

Z
d4x

p
g
1

4
Fµ⌫F

µ⌫

<latexit sha1_base64="K+iiHow/F2KDEjqhTFT45SARrPI="></latexit>

S =

Z
d4x

p
g
1

4
Fµ⌫F�� gµ⌫g��



Perturb the metric by

<latexit sha1_base64="+QcMulHyNN+MjHClhgKJQPyr33U=">AAACIHicbZDLSsNAFIYn9VbrLerSzWARBKEkUqzLohuXFewFmlgmk2k7dDIJMydKCX0UN76KGxeK6E6fxullUVt/GPj5zjmcOX+QCK7Bcb6t3Mrq2vpGfrOwtb2zu2fvHzR0nCrK6jQWsWoFRDPBJasDB8FaiWIkCgRrBoPrcb35wJTmsbyDYcL8iPQk73JKwKCOXendZ16UYk+mI+wp3usDUSp+xPP8zAuZADLPOnbRKTkT4WXjzkwRzVTr2F9eGNM0YhKoIFq3XScBPyMKOBVsVPBSzRJCB6TH2sZKEjHtZ5MDR/jEkBB3Y2WeBDyh8xMZibQeRoHpjAj09WJtDP+rtVPoXvoZl0kKTNLpom4qMMR4nBYOuWIUxNAYQhU3f8W0TxShYDItmBDcxZOXTeO85F6UyrflYvVqFkceHaFjdIpcVEFVdINqqI4oekIv6A29W8/Wq/VhfU5bc9Zs5hD9kfXzCzM9o54=</latexit>

gµ⌫ ! gµ⌫ + �gµ⌫

<latexit sha1_base64="80Uf//QvjhnMtnIdLMH2alu27PU=">AAACI3icbVDLSgNBEJz1bXxFPXppDIIihN0QVDwFvXhUMImQDWF2MtkMzu6sM71KWOK3ePFXvHhQghcP/ouTh+CroKGo6p7priCRwqDrvjtT0zOzc/MLi7ml5ZXVtfz6Rs2oVDNeZUoqfRVQw6WIeRUFSn6VaE6jQPJ6cH069Ou3XBuh4kvsJbwZ0TAWHcEoWqmVP/bNjcYs7IOvRdhFqrW6gy9x14N9yDzwlX0DSn24D8Fvc4kUwr1WvuAW3RHgL/EmpEAmOG/lB35bsTTiMTJJjWl4boLNjGoUTPJ+zk8NTyi7piFvWBrTiJtmNrqxDztWaUNHaVsxwkj9PpHRyJheFNjOiGLX/PaG4n9eI8XOUTMTcZIij9n4o04qARUMA4O20Jyh7FlCmRZ2V2BdqilDG2vOhuD9PvkvqZWK3kGxfFEuVE4mcSyQLbJNdolHDkmFnJFzUiWMPJAn8kJenUfn2Rk4b+PWKWcys0l+wPn4BKnAo5k=</latexit>p
g ! p

g(1 +
1

2
g�g)

<latexit sha1_base64="ZRvY20V50+pZohdXaxg68Wx+lFc="></latexit>

�S =
1

2

Z
d4x

p
g ✓µ⌫�g

µ⌫

Where the stress energy tensor is

<latexit sha1_base64="tmcB8Nt/TAyuK3wDrwEu8sOXlR8="></latexit>

✓µ⌫ = Fµ�F ⌫
� � 1

4
gµ⌫ F��F

��



Now consider a scale change

<latexit sha1_base64="2th8TrqGnUm7PvcbnDlCIldz3Po=">AAACFnicbVA7T8MwGHTKq5RXgJHFokJioUqqChgrWBiLRB9Sk1aO46RWHTuyHVAV9Vew8FdYGECIFbHxb3AfA7ScZOl0d5/t74KUUaUd59sqrKyurW8UN0tb2zu7e/b+QUuJTGLSxIIJ2QmQIoxy0tRUM9JJJUFJwEg7GF5P/PY9kYoKfqdHKfETFHMaUYy0kfr2WdzLvSSDHs/G0JM0HmgkpXiAHjOXhKhXhb8SfbvsVJwp4DJx56QM5mj07S8vFDhLCNeYIaW6rpNqP0dSU8zIuORliqQID1FMuoZylBDl59O1xvDEKCGMhDSHazhVf0/kKFFqlAQmmSA9UIveRPzP62Y6uvRzytNME45nD0UZg1rASUcwpJJgzUaGICyp+SvEAyQR1qbJkinBXVx5mbSqFfe8UrutletX8zqK4Agcg1PgggtQBzegAZoAg0fwDF7Bm/VkvVjv1scsWrDmM4fgD6zPH1Whn3w=</latexit>

gµ⌫ ! �2gµ⌫

Scale invariance implies for the classical theory therefore that

<latexit sha1_base64="LvIeYXiVfPGp8pFV5ZGX9r3Poc0=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIqBeh6MVjBfsBTQyb7aZdupuE3YlYQv+KFw+KePWPePPfuG1z0NYHA4/3ZpiZF6aCa3Ccb6u0srq2vlHerGxt7+zu2fvVtk4yRVmLJiJR3ZBoJnjMWsBBsG6qGJGhYJ1wdDP1O49MaZ7E9zBOmS/JIOYRpwSMFNhVD4YMSODJ7MEUvsJOYNecujMDXiZuQWqoQDOwv7x+QjPJYqCCaN1znRT8nCjgVLBJxcs0SwkdkQHrGRoTybSfz26f4GOj9HGUKFMx4Jn6eyInUuuxDE2nJDDUi95U/M/rZRBd+jmP0wxYTOeLokxgSPA0CNznilEQY0MIVdzciumQKELBxFUxIbiLLy+T9mndPa+f3Z3VGtdFHGV0iI7QCXLRBWqgW9RELUTRE3pGr+jNmlgv1rv1MW8tWcXMAfoD6/MH+d6TwA==</latexit>

✓µµ = 0

What happens in the quantum theory?

We need to write the action with a scale dependent coupling.  
The theory is only if we rescale the coupling along with the scale 

change



Let the metric change as
<latexit sha1_base64="6TkzBp/rbANJnmJ+bAq2x+7oPcY=">AAACHHicbVBNTwIxFOz6LX6tevTSSEw8kV0k6pHoxaMmIiQskLelQEO3u2nfasiGH+LFv+LFg8Z48WDiv7EgBwEnaTKZmdf2TZhIYdDzvp2FxaXlldW19dzG5tb2jru7d2fiVDNeYbGMdS0Ew6VQvIICJa8lmkMUSl4N+5cjv3rPtRGxusVBwhsRdJXoCAZopZZ7EnCEZhZEKQ1UOqSBFt0egtbxAw2kvacNzSKdDrXcvFfwxqDzxJ+QPJnguuV+Bu2YpRFXyCQYU/e9BBsZaBRM8mEuSA1PgPWhy+uWKoi4aWTj5Yb0yCpt2om1PQrpWP07kUFkzCAKbTIC7JlZbyT+59VT7Jw3MqGSFLlivw91UkkxpqOmaFtozlAOLAGmhf0rZT3QwND2mbMl+LMrz5O7YsE/LZRuSvnyxaSONXJADskx8ckZKZMrck0qhJFH8kxeyZvz5Lw4787Hb3TBmczskyk4Xz86w6IW</latexit>

⌘µ⌫ ! �2⌘µ⌫

The action is
<latexit sha1_base64="KAp0cjyPc80Rg14cTmqd+ahmnPE="></latexit>

S =

Z
d4x

p
g

1

4e2
Fµ⌫F

µ⌫

<latexit sha1_base64="ST8nU8Gz3Y9LwHTgS6UEmvloedk=">AAACFnicbVA7T8MwGHR4lvIKMLJYVEgslKSqgLGChYGhSPQhNSFyHLe16sSR7YCqqL+Chb/CwgBCrIiNf4OTZoCWkyyf7r6T/Z0fMyqVZX0bC4tLyyurpbXy+sbm1ra5s9uWPBGYtDBnXHR9JAmjEWkpqhjpxoKg0Gek448uM79zT4SkPLpV45i4IRpEtE8xUlryzGNyV/Ocax0IEHQEHQwVEoI/wExPC+PEYfk98cyKVbVywHliF6QCCjQ988sJOE5CEinMkJQ924qVmyKhKGZkUnYSSWKER2hAeppGKCTSTfO1JvBQKwHsc6FPpGCu/k6kKJRyHPp6MkRqKGe9TPzP6yWqf+6mNIoTRSI8faifMKg4zDqCARUEKzbWBGFB9V8hHiKBsNJNlnUJ9uzK86Rdq9qn1fpNvdK4KOoogX1wAI6ADc5AA1yBJmgBDB7BM3gFb8aT8WK8Gx/T0QWjyOyBPzA+fwC6up8h</latexit>

e2⇤ ! e2⇤/�

This gives that

<latexit sha1_base64="fnVbW31VBD7+JxbTMz0LvgKnjDo="></latexit>

✓µµ
1

e2
� 1

2e3

✓
⇤

d

d⇤
e

◆
Fµ⌫F

µ⌫ = 0



So the trace anomaly of pure Yang-Mills theory is

When we include massive quarks, the quarks break the scale 
invariance explicitly, and there is a contribution

<latexit sha1_base64="QZDusSjwwXpnOrkS/zQSlMiiH+k=">AAAB/nicbVBNS8MwGE79nPOrKp68BIfgabQy1OPQi8cJ7gPWMtIs3cLyUZJUGGXgX/HiQRGv/g5v/hvTrgfdfCHh4fkgb54oYVQbz/t2VlbX1jc2K1vV7Z3dvX334LCjZaowaWPJpOpFSBNGBWkbahjpJYogHjHSjSa3ud59JEpTKR7MNCEhRyNBY4qRsdTAPeYwkNaQ52GQaFpcA7fm1b1i4DLwS1AD5bQG7lcwlDjlRBjMkNZ930tMmCFlKGZkVg1STRKEJ2hE+hYKxIkOs2L9GTyzzBDGUtkjDCzY34kMca2nPLJOjsxYL2o5+Z/WT018HWZUJKkhAs8filMGjYR5F3BIFcGGTS1AWFG7K8RjpBA2trGqLcFf/PIy6FzU/ct6475Ra96UdVTACTgF58AHV6AJ7kALtAEGGXgGr+DNeXJenHfnY25dccrMEfgzzucPyOOVYw==</latexit>

m  

And when we vary the quark mass dependence with 
respect to the QCD scale 

<latexit sha1_base64="c5gLF9mBGzzNwimyLIDlm3ds/mk=">AAACMnicbVDLSgMxFM34tr6qLt0Ei6AIZUaKuiy60V0F2wqdMtxJ0zaYTKZJRimD3+TGLxFc6EIRt36EmXYWWnsh4XDOPTe5J4w508Z1X52Z2bn5hcWl5cLK6tr6RnFzq6FlogitE8mluglBU84iWjfMcHoTKwoi5LQZ3p5nevOOKs1kdG2GMW0L6EWsywgYSwXFSxEMfGk7sgHYjzXLL8V6fQNKyXu87+FD7PdACAgGB1jgqZagWHLL7qjwf+DloITyqgXFZ78jSSJoZAgHrVueG5t2CsowwulDwU80jYHcQo+2LIxAUN1ORys/4D3LdHBXKnsig0fsb0cKQuuhCG2nANPXk1pGTtNaiemetlMWxYmhERk/1E04NhJn+eEOU5QYPrQAiGL2r5j0QQExNuWCDcGbXPk/aByVveNy5apSqp7lcSyhHbSL9pGHTlAVXaAaqiOCHtELekcfzpPz5nw6X+PWGSf3bKM/5Xz/ANz7qek=</latexit>

mq  ! (1 + �q)mq  
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In effective theories of mesons, pion condensation can induce a negative trace anomaly.

How does this occur?

Can it affect neutron. Star matter?

The vanishing of the trace anomaly for relatively large coupling is somewhat mysterious.  Is 
AdSCFT model building reasonable to describe this?


