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Hydrodynamic regime

▶ energy-momentum tensor

Tµν
id = (ϵ+ p)gµν − Puµuν + πµν

▶ close to local equilibrium

▶ local energy density ϵ, pressure p, flow uµ, stress (viscous)
corrections πµν

▶ local momentum distribution close to equilibrium

f (p) = feq(p) + δf (p)
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Early times

Knudsen number K = lmicro/Lmacro

H. Niemi, G. Denicol, , arXiv: 1404.7327

- large gradients
- viscous corrections dominant
- hydrodynamics −→ kinetic evolution
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free-streaming + hydrodynamics

- free-streaming until τhydro
- matching to fluid Tµν at τhydro
−→ pre-equilibrium flow

vT ≃ −τhydro − τ0
3

∇Tn(x , y)

n(x , y)

universal flow J. Vredevoogt, S. Pratt, arXiv: 0810.4325
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testing hydrodynamics
- boost invariant solution of kinetic eq. in relaxation time app.

f (x , p) = f (t, p⊥, x⊥,w)
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Nonequilibrium
PL ̸= PT

larger viscosity η
↕

larger relaxation time τrelax
(less collisions)

W. Florkowski, R. Ryblewski, M. Strickland,

arXiv 1304.0665
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Effects od strong pressure asymmetry?

pressure asymmetry
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Very small effect on transverse expansion

Early nonequilibrium cannot be observed?
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Longitudinal expansion
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Strong differences in longitudinal colling and expansion

BUT: What is the initial longitudinal profile
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Longitudinal and transverse expansion combined
Directed flow
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rapidity odd directed flow is sensitive to pressure asymmetry!
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Kinetic equations in RTA

- boost-invariant
- relaxation time approximation
- massless particles −→ evolution of an integral ( simplification )

f (τ, x⃗T , p⃗T , p∥,w) −→ F (τ, x⃗T , ϕ, vz) =
∫
p3dpf (τ, xT , pT , p∥,w)

at z = 0

v = (1, v⃗T , vz) = (1,
√
1− v2

z cosϕ,
√
1− v2

z sinϕ, vz)

∂τF + v⃗T∂x⃗T − vz
τ (1− v2

z )∂vzF +
4v2

z

τ = 1
τrelax

(F − Fiso)

Energy-momentum tensor can be reconstructed from F

Tµν(τ, x⃗T ) =

∫ 2π

0

dϕ

2π

∫ 1

−1

dvz
2

F (τ, x⃗T , ϕ, vz)

A. Kurkela, U. Wiedemann, B. Wu : arXiv: 1803.02072
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boost-invariant, relaxation-time approximation

- relaxation time approximation

pµ∂µf (x , p) =
1

τrelax
(f (x , p)− feq(x , p))

w = tp∥ − zEp

models preequilibrium transverse expansion only
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Kinetic evolution in 2+1 dim
- boost-invariant
- relaxation time approximation

- massless particles −→ evolution of an integral ( simplification )

boost-invariant, small longitudinal pressure, F = δ(vz)F̃

∂τ F̃ + vT∂T F̃ +
1

τ
F̃ =

1

τrelax

(
F̃ − F̃iso

)

A. Kurkela, S.F. Taghavi, U. Wiedemann, B. Wu, arXiv: 2007.06851

also: free streaming, KOMPOST
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Early dynamics gives a transverse push

EFFECTIVE KINETIC DESCRIPTION OF … PHYSICAL REVIEW C 99, 034910 (2019)
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FIG. 14. The thermal freeze-out pion (a) multiplicity dNπ/dy, (b) radial flow 〈pπ
T 〉, and (c) elliptic flow v

π
2 as a function of hydrodynamic

initialization time τhydro = 0.4–1.2 fm, i.e., different duration of pre-equilibrium evolution. [Note the suppressed zero in panels (b) and (c).] The

initial MC-Glauber conditions are specified at τEKT = 0.1 fm as indicated by the gray band. Different pre-equilibrium scenarios are linearized

kinetic theory evolution KøMPøST, interactionless free streaming, and simple Bjorken energy rescaling with time ∝τ−4/3 with no dynamics

but immediate isotropization. The open symbols show the 〈pπ
T 〉 and v

π
2 for the free streaming and Bjorken pre-equilibrium evolution from

0.1 to 1.2 fm with energy density scaled to reproduce the same pion multiplicity as KøMPøST with τhydro = 1.2 fm. Black triangles show the

results for initializing the hydrodynamic simulation directly at τ = 0.1 fm without pre-equilibrium evolution.

τTid./(4πη/s) > 1 where hydrodynamics becomes applica-

ble. Since the local energy density at the edges is significantly

smaller, the edges of the fireball remain at τTid./(4πη/s) <

1 for a longer time, quantifying the statement that

the approach to hydrodynamic behavior does not occur

isochronously.

3. Hadronic observables

Based on the successful matching of the early time pre-

equilibrium stage to the subsequent hydrodynamic regime

discussed in the previous sections, we now investigate the

impact of a consistent description of the early time dynamics

on the final-state hadronic observables computed after the

freeze-out of the hydrodynamic evolution. We focus on the

multiplicity dNπ/dy, the average transverse momentum 〈pπ
T 〉,

and the v
π
2 of thermal pions,21 which can be thought of as

analogues of the integrated hydrodynamic fields shown in

Fig. 10. We note that although only pion observables are

shown in this section, we verified that similar results are found

for heavier hadrons such as kaons and protons.

Starting with the same Glauber initial conditions at τEKT =

0.1 fm, the effective kinetic theory is used to evolve the

energy-momentum tensor up to five different times τhydro

from 0.4 to 1.2 fm, as in the previous sections. Subsequently,

the hydrodynamic evolution is performed up to the isother-

mal freeze-out where hadronic observables are calculated. In

Fig. 14, our results for the pion multiplicity dNπ/dy, the

mean transverse momentum 〈pπ
T 〉, and the v

π
2 are plotted

as a function of τhydro. In addition to the results obtained

from the effective kinetic theory pre-equilibrium evolution,

the dependence of hadronic observables on τhydro is also

shown for two other types of pre-equilibrium evolution: free

21We reiterate, as noted in Sec. IV, that hadronic decays are not

included.

streaming22 and simple Bjorken τ−4/3 scaling. The use of free

streaming to describe the pre-equilibrium dynamics has been

studied previously in Refs. [21,22]. Similarly, the procedure

of scaling the energy density of a set initial condition with

τ−4/3, as would be expected for a system undergoing ideal

Bjorken hydrodynamic expansion,23 is also used regularly

in heavy-ion physics to rescale the energy density of the

initial conditions when changing the initialization time of

hydrodynamics.

In Fig. 14(a), we show pion multiplicity dNπ/dy as a

function of hydrodynamic initialization time τhydro for the

three different pre-equilibrium evolution scenarios. We find

that for all pre-equilibrium scenarios, the multiplicity has an

approximately linear dependence on τhydro. For the effective

kinetic theory, the multiplicity is only approximately ∼5%

smaller if the hydrodynamics is initialized at τhydro = 1.2 fm

rather than τhydro = 0.4 fm, while in the case of the Bjorken

τ 4/3, this figure is significantly larger, ∼15%. Conversely,

for a free-streaming pre-equilibrium dynamics, the longitu-

dinal pressure is underestimated during the pre-equilibrium

phase, such that the energy decreases much less rapidly than

in hydrodynamics, and the multiplicity is ≈8% larger with

τhydro = 1.2 fm than with τhydro = 0.4 fm. We conclude that

overall the pion multiplicity has the smallest dependence on

τhydro when KøMPøST is used to describe the early stage of

the medium evolution, although all curves are relatively flat.

22Our results for free-streaming evolution are obtained by re-

placing the kinetic evolution of the background energy E (x) and

the corresponding response functions G
µν

αβ with their free-streaming

counterparts (see Appendix C).
23Specifically, the initial energy density profile is rescaled

eBjorken(τhydro, x) = e(τEKT, x)(τEKT/τhydro)4/3 and no transverse flow is

added. Note that to remain consistent with ideal energy scaling the

energy-momentum tensor is immediately isotropized, i.e., T
µν

Bjorken =

diag (e, e/3, e/3, e/3τ 2 ) as opposed to Eq. (58).

034910-19

A. Kurkela, A. Mazeliauskas, J. F. Paquet, S. Schlichting, D. Teaney arXiv: 1805.00961

hydrodynamics - free streaming - kinetic equations : SMALL differences
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kinetic equations in 1+1+1 dim

▶ nonboost invariant dynamics

▶ full treatement of longitudinal and transverse momenta

▶ at least one nontrivial transverse diemnsion

set up for directed flow studies

- evolution in time t, longitudinal z , and one transverse direction x

∂tF + vx∂xF + vzF =
1

τrelax
(F − Fiso)

- variables τ , x , η, ϕ, vz : F (τ, x , η, ϕ, vz)

- solved in the global frame
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F in boosted frame

Initial conditions F = ϵ(τ0, x , η) g [vz ] (note vz = cos(θ))

after boost by rapidity y = η (Bjorken flow)

F = ϵ(τ0, x , η)
g [ (vzcosh(y)−sinh(y))/(cosh(y)−vz sinh(y) ]

(cosh(y)−vz sinh(y))
4
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- difficult numerics at large rapidities
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Eqs. solved for F̃ = F (cosh(y)− vzsinh(y))
4
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tilted fireball initial conditions
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evolution of momentum distribution
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- redshift −→ reduction of longitudinal pressure
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transverse flow

η/s=0.08

free streaming

η/s=0.16

0.2 0.4 0.6 0.8 1.0 1.2
0.00

0.05

0.10

0.15

0.20

τ [fm/c]

〈v
T
(τ
)〉

universal transverse flow J. Vredevoogt, S. Pratt, arXiv: 0810.4325
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directed flow
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directed flow probes equlibration rate !
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▶ Kinetic equation for early dynamics

▶ Non-boost invariant solutions

▶ Early formation of directed flow

▶ Directed flow sensitive to pressure anisotropy

▶ Preequilibrium dynamics in 3+1D ?
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pre-Bjorken flow in 1+1 dim

two streams of partons in the initial state

τ = 0.06fm/c , passage time for the colliding nuclei
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τ=0.5fm/c , after kinetic evolution

stopping due to relaxation

τR=0.2fm/c

free streaming
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RTA pre-equilibrium + hydrodynamics
relaxation time isotropization free-streaming

D. Liyanage, D. Everett, C. Chattopadhyay, U. Heinz arXiv: 2205.00964
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longitudinal evolution

free
streaming
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- redshift −→ reduction of longitudinal pressure

- collisions −→ isotropization
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Longitudinal and transverse expansion combined
Directed flow
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Early dynamics gives a transverse push

EFFECTIVE KINETIC DESCRIPTION OF … PHYSICAL REVIEW C 99, 034910 (2019)
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FIG. 14. The thermal freeze-out pion (a) multiplicity dNπ/dy, (b) radial flow 〈pπ
T 〉, and (c) elliptic flow v

π
2 as a function of hydrodynamic

initialization time τhydro = 0.4–1.2 fm, i.e., different duration of pre-equilibrium evolution. [Note the suppressed zero in panels (b) and (c).] The

initial MC-Glauber conditions are specified at τEKT = 0.1 fm as indicated by the gray band. Different pre-equilibrium scenarios are linearized

kinetic theory evolution KøMPøST, interactionless free streaming, and simple Bjorken energy rescaling with time ∝τ−4/3 with no dynamics

but immediate isotropization. The open symbols show the 〈pπ
T 〉 and v

π
2 for the free streaming and Bjorken pre-equilibrium evolution from

0.1 to 1.2 fm with energy density scaled to reproduce the same pion multiplicity as KøMPøST with τhydro = 1.2 fm. Black triangles show the

results for initializing the hydrodynamic simulation directly at τ = 0.1 fm without pre-equilibrium evolution.

τTid./(4πη/s) > 1 where hydrodynamics becomes applica-

ble. Since the local energy density at the edges is significantly

smaller, the edges of the fireball remain at τTid./(4πη/s) <

1 for a longer time, quantifying the statement that

the approach to hydrodynamic behavior does not occur

isochronously.

3. Hadronic observables

Based on the successful matching of the early time pre-

equilibrium stage to the subsequent hydrodynamic regime

discussed in the previous sections, we now investigate the

impact of a consistent description of the early time dynamics

on the final-state hadronic observables computed after the

freeze-out of the hydrodynamic evolution. We focus on the

multiplicity dNπ/dy, the average transverse momentum 〈pπ
T 〉,

and the v
π
2 of thermal pions,21 which can be thought of as

analogues of the integrated hydrodynamic fields shown in

Fig. 10. We note that although only pion observables are

shown in this section, we verified that similar results are found

for heavier hadrons such as kaons and protons.

Starting with the same Glauber initial conditions at τEKT =

0.1 fm, the effective kinetic theory is used to evolve the

energy-momentum tensor up to five different times τhydro

from 0.4 to 1.2 fm, as in the previous sections. Subsequently,

the hydrodynamic evolution is performed up to the isother-

mal freeze-out where hadronic observables are calculated. In

Fig. 14, our results for the pion multiplicity dNπ/dy, the

mean transverse momentum 〈pπ
T 〉, and the v

π
2 are plotted

as a function of τhydro. In addition to the results obtained

from the effective kinetic theory pre-equilibrium evolution,

the dependence of hadronic observables on τhydro is also

shown for two other types of pre-equilibrium evolution: free

21We reiterate, as noted in Sec. IV, that hadronic decays are not

included.

streaming22 and simple Bjorken τ−4/3 scaling. The use of free

streaming to describe the pre-equilibrium dynamics has been

studied previously in Refs. [21,22]. Similarly, the procedure

of scaling the energy density of a set initial condition with

τ−4/3, as would be expected for a system undergoing ideal

Bjorken hydrodynamic expansion,23 is also used regularly

in heavy-ion physics to rescale the energy density of the

initial conditions when changing the initialization time of

hydrodynamics.

In Fig. 14(a), we show pion multiplicity dNπ/dy as a

function of hydrodynamic initialization time τhydro for the

three different pre-equilibrium evolution scenarios. We find

that for all pre-equilibrium scenarios, the multiplicity has an

approximately linear dependence on τhydro. For the effective

kinetic theory, the multiplicity is only approximately ∼5%

smaller if the hydrodynamics is initialized at τhydro = 1.2 fm

rather than τhydro = 0.4 fm, while in the case of the Bjorken

τ 4/3, this figure is significantly larger, ∼15%. Conversely,

for a free-streaming pre-equilibrium dynamics, the longitu-

dinal pressure is underestimated during the pre-equilibrium

phase, such that the energy decreases much less rapidly than

in hydrodynamics, and the multiplicity is ≈8% larger with

τhydro = 1.2 fm than with τhydro = 0.4 fm. We conclude that

overall the pion multiplicity has the smallest dependence on

τhydro when KøMPøST is used to describe the early stage of

the medium evolution, although all curves are relatively flat.

22Our results for free-streaming evolution are obtained by re-

placing the kinetic evolution of the background energy E (x) and

the corresponding response functions G
µν

αβ with their free-streaming

counterparts (see Appendix C).
23Specifically, the initial energy density profile is rescaled

eBjorken(τhydro, x) = e(τEKT, x)(τEKT/τhydro)4/3 and no transverse flow is

added. Note that to remain consistent with ideal energy scaling the

energy-momentum tensor is immediately isotropized, i.e., T
µν

Bjorken =

diag (e, e/3, e/3, e/3τ 2 ) as opposed to Eq. (58).

034910-19

A. Kurkela, A. Mazeliauskas, J. F. Paquet, S. Schlichting, D. Teaney arXiv: 1805.00961

hydrodynamics - free streaming - kinetic equations : SMALL differences
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Kinetic equation

equation for the phase-space distribution f (x , p)

pµ∂µf (x , p) = C [f (x , p)]

C [f (x , p)] collisions integral (2 ↔ 2 and 1 ↔ 2 processes)

- for on-shell particles f (t, x,p) 7-dimensional function

- more general than viscous hydrodynamics

- most solutions for boost-invariant geometry
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