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√
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One channel scattering

I S(k) = D(−k)
D(k)

= e2iδ , |S(k)| = 1

I D(−k) = (−k − kj )

I D(k) = (k − kj )

I But |S(k)| 6= 1 so
I D(−k) = (−k − kj )(−k + k∗j )

I D(k) = (k − kj )(k + k∗j )

I then |S(k)| = 1
I and δ = (−α− β + γ + ω)/2

angle = ArcTan(
−Imkj

k−Rekj
)



Pion electromagnetic form factor in the P wave

Parameter PDG MeV G.S. MeV U&A MeV
mρ 775.26 ± 0.25 774.81 ± 0.01 763.88 ± 0.04
mρ′ 1465.00 ± 25.00 1497.70 ± 1.07 1326.35 ± 3.46
mρ” 1720.00 ± 20.00 1848.40 ± 0.09 1770.54 ± 5.49
Γρ 149.10 ± 0.80 149.22 ± 0.01 144.28 ± 0.01
Γρ′ 400.00 ± 60.00 442.15 ± 0.54 324.13 ± 12.01
Γρ” 250.00 ± 100.00 322.48 ± 0.69 268.98 ± 11.40
χ2 pdf 0.98 1.84

14 param. 11 param.

(G.S. - Gounaris-Sakurai form factor)
(U&A - unitary and analytic model)

We have applied this generalized pion EM FF
U&A model to an optimal description of the complete
BESIIIþ BABAR data (see Fig. 7) with χ2=ndf ¼ 1.844
and obtained all three pairs of vector meson parameters as
they are also presented in Table II.

V. CONCLUSION

The accuracy of the original pion EM FF Gounaris-
Sakurai model in a determination of the elastic ρð770Þ

meson resonance parameters has been investigated. For
this aim, totally independent experimental information on
the P-wave isovector ππ scattering phase shift δ11ðtÞ and on
the total cross section of the eþe− → πþπ− process was
exploited.
Just by a comparison of χ2=ndf values in obtaining of

the ρ0 meson parameters (14), (22), (24) and (28) we come
to the conclusion that the correct ρ0 meson parameters are
most likely given by the averaged values (22) and (28).
We conjecture that the average value of (22), (28)

and the ρð770Þ parameters in third column of the
Table II, i.e. resultant values mρ ¼ 763.49Æ 0.53 MeV,
Γρ ¼ 144.06Æ 0.85 MeV, are the most suitable for con-
siderations in the next corrections of the ρ0ð770Þ meson
parameters in the Review of Particle Physics [6].
We would like to draw an attention to the papers

[15,16], in which similar results for the ρ0ð770Þ meson
parameters in the framework of the resonance chiral
perturbation theory and in the framework of the chiral
effective field theory with vector mesons included as
dynamical degrees of freedom, respectively, have been
found.
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FIG. 7. Optimal description of the unified BESIII-BABAR
complete data on σtotðeþe− → πþπ−Þ by the generalized pion
EM FF U&A model.
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One channel with more than one resonances

Adding resonances (for simplicity two resonances, both with S = e2iδ):

I Isobar model: adding amplitudes (even unitary ones) violates unitarity:

T1,2 = T1 + T2 = S1−1
2ik + S2−1

2ik → S1 + S2 = e2iδ1 + e2iδ2

of course |S1 + S2| 6= 1,

I Product of S matrices: |S1S2| = 1 in elastic case and |S1S2| < 1 in inelastic
case (S = ηe2iδ)
For example S1,2 =

(−k−k1)(−k+k∗1 )(−k−k2)(−k+k∗2 )

(k−k1)(k+k∗1 )(k−k2)(k+k∗2 )

Of course T1,2 =
S1,2−1

2ik

I Sum of K matrices: S = 1 + 2iT = (1 + iK )/(1− iK ) does noit violate unitarity,
for example T1,2 = 1

k
K1+K2

1−iK1−iK2



More channels: k2 = ±
√

k2
1 + m2

1 −m2
2

(Im(k1), Im(k2)): (+,+), (-,+) .... 1 pole −→ 2(n−1) poles (n-number of channels)



Multiplication and displacement of S matrix poles

I Multiplication:

1 pole −→ 2n−1 poles due to (±k)2 ambiguity and

2n Riemann sheets

I Displacement:

S11 = D1(−k1)D2(k2)
D1(k1)D2(k2)

←− for decoupled channels

S = D1(−k1)D2(k2)+C(−k1,k2)
D1(k1)D2(k2)+C(k1,k2)

←− for coupled channels

S =

(
ηe2iδ1 i

√
1− η2ei(δ1+δ2)

i
√

1− η2ei(δ1+δ2) ηe2iδ2

)
=

( D(−k1,k2)
D(k1,k2)

S12

S21
D(k1,−k2)
D(k1,k2)

)

where S2
12 = S2

21 = S11S22 − D(−k1,−k2)
D(k1,k2)



Puzzling (JI) S0 wave ππ cross section



Example for two channels: JI = S0 wave
Pole ReEpole MeV ImEpole MeV R. sheet

1 639.6 -323.9 (−,−) : III
1’ 511.4 -230.6 (−,+) : II
2 982.0 -36.9 (−,+) : II
2’ 432.4 -8.4 (−,−) : III
3 1431.7 -79.3 (−,−) : III
3’ 1394.9 -120.6 (−,+) : II

z =
k1 + k2√
m2

K −m2
π

Rysunek 16: Po�lo_zenie biegun�ow (krzy_ze) i zer (k�o�lka) elementu macierzowego
S11 macierzy rozpraszania dla dopasowania do zestawu DCKM A. Gruba linia ci�ag�la
oznacza obszar �zyczny rozpraszania w kana�lach sprz�e_zonych �� i KK . Grub�a lini�a
przerywan�a przedstawione jest po�lo_zenie ci�e�c funkcji Josta. Cienk�a lini�a zaznaczony
jest okr�ag jzj = 1. Numeracja poszczeg�olnych p�lat�ow i biegun�ow zosta�la wyja�sniona
w tek�scie.

-3 -2 -1 0 1 2 3

Re(z)

-2
-1.5

-1
-0.5

0
0.5

1
1.5

2

Im
(z

)

I I

II II

III III

IV IV

1’

1

2

2’

3

3’

1’

1

2

2’

3

3’

W dwukana�lowym modelu oddzia�lywa�n �� i KK ka_zdemu miejscu ze-
rowemu jednej z funkcji D�(z) lub DK(z) odpowiada jedna para biegun�ow
macierzy S, co zwi�azane jest z dwoma mo_zliwo�sciami wyboru znaku p�edu

ki = �
q
k2j +m2

j �m2

i (i; j = 1; 2; i 6= j). Dla zerowego sprz�e_zenia mi�edzy

kana�lamiD(z) = D�(z)DK(z) i wtedy bieguny danej pary s�a �sci�sle symetryczne
w przestrzeni zespolonej zmiennej z wzgl�edem transformacji z ! 1=z (je�sli
biegun wyst�epuje w kanale �� ) lub wzgl�edem transformacji z ! �1=z (dla
bieguna w kanale KK ). W przypadku niezerowego sprz�e_zenia funkcja C(z)
odpowiadaj�aca cz�lonowi funkcji Josta zde�niowanemu wzorem II.29 nie jest
r�owna zeru. Skutkiem tego opisana symetria nie jest zachowana, jednak,
ze wzgl�edu na wyst�epuj�ace we wszystkich znalezionych rozwi�azaniach ma�le

71



2n Riemann sheets for n channels

channel C = 0 C = 1 sign sheet
ReE ImE ReE ImE Imkπ , ImkK , Imk3

564 -279 −,−,− VI
518 -261 −,+,+ II

ππ 658 -607 211 0 −,+,− VII
532 -315 −,−,+ III
235 0 +,+,− VIII
1405 -74 −,−,− VI

ππ 1346 -275 1445 -116 −,+,+ II
1424 -94 −,+,− VII
1456 -47 −,−,+ III
170 0 +,−,− V
159 0 −,−,− VI

K K̄ 881 -498 418 -10 −,−,+ III
1038 -204 −,+,− VII
988 -31 −,+,+ II
4741 -4688 −,−,− VI
3687 -2875 −,+,− VII

σσ 118 -2227 3626 -3456 +,−,− V
3533 -579 +,+,− VIII

← f0(500)

← f0(1370)

← f0(1500)

← f0(980)



Dispersion relations with imposed crossing symmetry
condition for ππ interactions theory←→ experiment

crossing symmetry: → ~Ts(s, t) = Ĉst ~Tt (t , s)

~T (s, t) + crossing symmetry→ dispersion relations for 4m2
π < s < ∼ (1150 MeV)2

Once subtracted DR:

Re ~F (s, t) = Re ~F (s0, t) +
s − s0

π

×
[
−
∞∫

4m2
π

ds′
Im ~F (s′, t)

(s′ − s0)(s′ − s)

+ −
−∞∫
−t

ds′
Im ~F (s′, t)

(s′ − s0)(s′ − s)

]



Dispersion relations with imposed crossing symmetry
condition for ππ interactions theory←→ experiment

crossing symmetry: → ~Ts(s, t) = Ĉst ~Tt (t , s)

~T (s, t) + crossing symmetry→ dispersion relations for 4m2
π < s < ∼ (1150 MeV)2

Once subtracted dispersion relations ("GKPY" for the S and P waves):

Re t I(OUT )
` (s) =

2∑
I′=0

CII′
st aI′

0 +
2∑

I′=0

4∑
`′=0

−
∞∫

4m2
π

ds′K II′
``′ (s, s′) Im t I′(IN)

`′ (s′)

aI′
0 - subtraction constant = ~Ts(s = 4m2

π , t = 0) - scattering lengths from only S wave

due to Re t I
`(k) = k2`(aI

` + bI
`k

2 + O(k4)) Re t I(OUT )
` (s)− Re t I(IN)

` (s)→ 0



GKPY equations and ππ amplitudes
partial waves: JI

experiment + theory (GKPY)

∞∫
4m2

π



GKPY equations and ππ amplitudes
partial waves: JI

experiment + theory (GKPY)

∞∫
4m2

π



Experimental data for the ππ in the S0 wave (JI)
In PWA (CERN-Munich group’74) A(s, t) ∼ Cos(θS − θP)



precise determination of f0(500) (σ) meson and
threshold parameters

f0(500) (σ)

I PDG 2010:
M = 400− 1200 MeV
Γ = 2× (250− 500) MeV

I PDG 2012:
M = 400− 550 MeV
Γ = 2× (200− 350) MeV

I GKPY:
Eσ = 457± 14− i279+11

−7 MeV

threshold parameters, e.g. a0
0:

I ChPT + Roy eqs (Bern group):
0.220± 0.005 m−1

π

I GKPY:
0.220± 0.008 m−1

π



what forces GKPY eqs to pull up-left the sigma pole?

Two things: trigonometry and crossing symmetry
algebra lead to narrower and lighter σ.
Modified ππ amplitude with σ pole PRD 90, 116005 (2014) P. Bydzovský, 1, R.
Kamiński, V. Nazari
Nothing more and nothing instead of it is needed.



Resonance near the threshold

Flatté (1976):

Ai ∼
MR
√

Γ0Γi

M2
R − E2 − iMR(Γ1 + Γ2)

, i = 1, 2.

THREE free parameters: MR , Γ1, Γ2.

.....................................................................................................................................

Leśniak (2008):

T22 =
1

1
A − i k2 + 1

2 R k2
2

where
A = −i(

1
z1

+
1
z2

), R =
2i

z1 + z2
·

FOUR free parameters: z1 and z2 - zeroes of the S22 matrix element

Flatte approach: ImR = 0 (≡ Rez1 = −Rez2)



For a0(980)
L. Leśniak, AIP Conf.Proc. 1030 (2008) 238
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step two in testing the amplitude using dispersion
relations:

The pion-kaon scattering amplitude constrained with forward dispersion relations up to
1.6 GeV

J.R. Pelaez and A.Rodas (2016)

Kπ, K K̄ channels (problem of K ∗(800) (or κ))
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step two in testing the amplitude using dispersion
relations:
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Figure 1. Pole positions of the K∗0(1430) (top-left), K∗1(1410) (top-right), K∗2(1430) (bottom-left),
K∗3(1780) (bottom-right) extracted from data fits constrained with Forward Dispersion Relations and
using sequences of Padé approximants for the analytic continuation to the complex plane. Also shown
are the poles listed in the RPP (see [1] for references). The figures and our “final result" come from [5].

that makes use of partial-wave hyperbolic dispersion relations for the analytic continuation
to the complex plane of a numerical solution (without fitting elastic data) of Roy-Steiner
equations. In spite of this rigorous result, the κ, still called K∗0(800) in 2016, still “Needs
confirmation” in the RPP.

It is worth noting that in the elastic regime, just by naively extrapolating to the complex
plane our CFD description, which has been constructed matching simple parameterizations
in different energy regions, we find a pole roughly consistent with the RPP estimate. In Fig.3
we have denoted this result by ‘Conformal CF”. However, such a simple determination relies
on a specific parameterization and is therefore model dependent.

Remarkably, applying the Padé method explained above to our constrained fits to data in
[3] we have also shown in [5] that there is a pole for the controversial κ/K∗0(700). It is shown
as the “Padé resul” in Fig.3. Note that this result, with its very reduced model dependence,
is in very good agreement with the dispersive prediction in [6] triggered the κ change of
denomination at the 2018 RPP revision: from K∗0(800) to its present name K∗0(700). Still,
even with this additional piece of evidence, the 2018 RPP [1] considers that this state "Needs
Confirmation”.

As a side remark, using our CFD or Padé pole position in [7] as the only input for a
dispersive representation of the Regge trajectory, we showed that the κ/K∗0(700) resulting
slope comes out non-linear with respect to the mass squared and is much smaller than that
of ordinary mesons. This is a strong model-independent support for the non-ordinary nature
of the κ/K∗0(700) meson and thus of the whole light scalar meson nonet. In other words,
it is not predominantly made of just a quark and an antiquark as ordinary mesons in the

3

EPJ Web of Conferences 212, 03003 (2019) https://doi.org/10.1051/epjconf/201921203003
PhiPsi 2019
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Dispersive ππ and πK scattering tools J.R. Peláez

ism should be based on hyperbolic dispersion relations for a larger applicability region. Actually,
the best determination so far of the K∗

0 (800) meson comes from a solution of Roy-Steiner equations
for πK scattering in the elastic region [15] derived from fixed-t dispersion relations and a posteriori
analytic extension based on Roy-Steiner equations from hyperbolic relations [16]. Nevertheless the
RPP still lists the K∗

0 (800) under “needs confirmation”, and we have been encouraged to apply to
πK a similar approach to that of the Madrid-Krakow group for ππ and the f0(500) meson.

Thus, since Roy-Steiner equations are limited to ∼1.1 GeV, we have started by performing an
FDR analysis of πK data [17]. We have first shown that unconstrained fits to data (UFD) do not
satisfy well the FDRs, see the top panels in Fig.1, where for agreement the “input” line should fall
within the uncertainties of the “Dispersive” one. Next we have obtained constrained fits to data
(CFD) consistent with FDRs up to 1.6 GeV, see the bottom panels in Fig.1.

In Fig.2 we show the comparison of the UDF with the CDF for the S-wave, which is the most
interesting one. The change is not very large, except at high energies, where it seems to prefer one
data set over the other (see [17] for details and references).
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Figure 1: Comparison between the input and the dispersive result for the T + (left) and T−(right) FDRs
when using the UFD (top) or the CFD (bottom). The CFD set is consistent within errors up to 1.6 GeV.
Figures taken from [17].

Therefore, we have obtained [17] a description of data which is simultaneously consistent with
FDRs up to 1.6 GeV, in terms of simple parameterizations that are easy to implement for further

4



Latest analysis (Cracow 2023)

Fit to data and to dispersion relations (GKPY equations):

ππ, ωπ, ρρ channels in the P-wave
(problem ρ(1250)− ρ(1450))
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Latest analysis (Cracow 2023)
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Latest analysis (Cracow 2023)

Figure 6.1: A series of three-dimensional distributions of the Jost function for various man-
ually inserted pole masses on the (−,−, +) Riemann sheet, up to 1550 MeV. Each mass is
accompanied by distributions on three Riemann sheets: (−,−, +), (−,−,−), and (+,−, +).
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Latest analysis (Cracow 2023)
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Figure 6.3: ωπ phase shifts and inelasticities distributions for sequence of manually inserted
ρ′ pole. Numbers and names of the Riemann sheets on figures for the phase shift denote
the mass of the ρ′ resonance manually braced on the indicated Riemann sheet in fitted
amplitudes. This information also applies to each inelasticity plot to the right of each phase
shift plot. The red line was used for fits with fixed ρ′ on the (−,−, +) sheet and the green
line on the (−,−,−) sheet. The two figures with the same mass 1550 MeV show results from
two fits with ρ′ on different Riemann sheets.
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