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Outline

• QCD: brief review

• Large-Nc: what is that: where it works…it does not work:

• Chiral anomaly

• QCD Phase-diagram at large Nc

• Nuclear matter (and neutron stars) at large-Nc 

• Conclusions



QCD has many faces



…or phases

Mapping the Phases of Quantum Chromodynamics with Beam Energy Scan

Bzdak et al, Phys. Rept., e-Print: 1906.00936



Three “bad’’ faces of large Nc
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Symmetries of QCD

Born

Giuseppe Lodovico Lagrangia

25 January 1736

Turin

Died 10 April 1813 (aged 77)

Paris
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The QCD Lagrangian



Francesco Giacosa

SU(3)color: exact. Confinement: you never see color, but only white states.

Dilatation invariance: holds only at a classical level and in the chiral limit. 

Broken by quantum fluctuations (scale anomaly)

and by quark masses.

SU(3)RxSU(3)L: holds in the chiral limit, but is broken by nonzero quark 

masses. Moreover, it is spontaneously broken to U(3)V=R+L

U(1)A=R-L: holds at a classical level, but is also broken by quantum 

fluctuations (chiral anomaly)

Symmetries of QCD and breakings
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Hadrons

The QCD Lagrangian contains ‘colored’ quarks and 

gluons. However, no ‚colored‘ state has been seen.

Confinement: physical states are “white” and are called 

hadrons.

Hadrons can be:

Mesons: bosonic hadrons

Baryons: fermionic hadrons

A meson is not necessarily a quark-antiquark state.

A quark-antiquark state is a conventional meson.
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Rho-meson

Pion

MeV 7+
du

mm

MeV 775=+
m

MeV 139=+
m

Example of conventional quark-antiquark states: 

the ρ and the π mesons

Mass generation in QCD

is a nonpert. penomenon

based on SSB 
(mentioned previusly).



Jean Buridan (in Latin, Johannes Buridanus) (ca. 1300 – after 1358)  

SSB and the donkey of Buridan: 

hadronic approaches

 → +N N  

http://en.wikipedia.org/wiki/Latin
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Table from:

F.G., R. Pisarski, 

A. Koenigstein

Phys.Rev.D 97 (2018) 9, 

091901 

e-Print: 1709.07454 
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1) Glueballs                                    2) Hybrids

3) Four-quark states

Non-conventional mesons:  beyond qq

Compact diquark-antidiquark states

Molecular states (a type of dynamical generation)

Companion poles (another type of dynamical generation)



Large-Nc: basics/1

• Instead of 3 colors, Nc colors. Then Nc is taken as a 

large number.

• Why to do that? Certain simplifications appear! (Yet 

QCD not solvable also in that limit).

• (Some) mesons become stable and slowly interacting.

• Confinement, symmetry breaking, etc…are believed to 

hold in large-Nc as well.



Large-Nc: basics/2

Running coupling and the ‘t Hooft limit



Large-Nc: consequences

• Constituent quark mass Nc^0

• Masses of conventional quark-antiquark states mesons 

and glueballs (and hybrids): Nc^0

(with one important exception…)

• Decay width of these states decreases with Nc

• Masses of baryons proprtional to Nc; meson-baryon 

coupling proportional to Nc^(1/2)



Recent lectures
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•e-Print: 2402.14097 [hep-ph]

•Note: 114 pages, 52 figures. Lectures 
prepared for the 63. Cracow School of 
Theoretical Physics, September 17-23, 2023 
Zakopane, Tatra Mountains, Poland

https://arxiv.org/abs/2402.14097


Is 3 a large number? 

Spoiler: in most cases yes, 

but in some selected interesting cases no!



Mesonic decays and interactions
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A suppressed decay
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In well agreement with the experiment!



The chiral anomaly
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Anomalous interactions between mesons 

with nonzero spin and glueballs
Phys.Rev.D 109 (2024) 7, L071502
e-Print: 2309.00086 [hep-ph]

https://arxiv.org/abs/2309.00086
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Extension to other mesons with higher spin

Indeed, it turns out that it the chiral anomaly effects for spin 1,2 mesons is 

Quite small…

Large Nc works!!!!

But…



Pseudoscalar glueball!
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Original Lagrangian presented long ago in: 

W. Eshraim, S. Janowski, F.G., D. Rischke, 

Phys.Rev. D87 (2013) 054036. arxiv: 1208.6474 



Finite T: the simple picture
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Finite chemical potential 

(with stiff matter as an example)
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Large Nc at nonzero T

• NJL model

• Sigma model(s)

• Comparison and improvements



FInite T, sigma model



Finite T, NJL model



How to cure the problem of the LSM?

• Modify the mass term: 

• Use a quark-meson model 

• Introduce the Polyakov loop

For l =0 conf, l =1 deconf.



Quark-meson models
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• Using a model a sigma-model that is as complete as possible (with 

(psuedo)scalar, (axial-)vector) d.o.f.)

• Linear realization of chiral symmetry

• Vacuum: D. Parganlija et al., Phys.Rev.D 87 (2013) 1, 014011 • e-

Print: 1208.0585 [hep-ph]

• Extension to the medium: P. Kovacs, Phys.Rev.D 93 (2016) 11, 

114014 • e-Print: 1601.05291 [hep-ph]: coupling to quarks and to 

the Polyakov loop.



eLSM Lagrangian, etc. Actually just a 

complicated vs of the Mexican hat ☺



Parameters and large-Nc scaling



Chiral condensate vs T



Chiral condensate vs chemical potential



Phase diagram: Nc =3



Phase diagram: Nc = 33 

(only cross-over, no CP)



Phase diagram: Nc = 63



Nc = 33

Nc = 63



Schematic phase diagram at large Nc

Then, for the QCD diagram: 3 is not a large number!!!!



…agrees well with quarkyonic…





Minimal variation of the scaling…

quark model places this state higher.

Enough to unbind nuclear matter



If the lightest scalar is not a quarkonium

Summary:  for nuclear matter, 3 is not a large number!!!!



Other scenarios

• Two scalar fields: tetraquark+quarkonium, no nuclear 

matter. 

• f0(500) as pion-pion molecular states, dissolves at large 

Nc, no nuclear matter. 

• One-pion-exchange: what does eventually happen at 

very large Nc?  (not taken into account here because 

beyond MFE)



Quark matter athigh density: 

free gas plus bag

Baryonic matter at high density 

(starting from 2ρ0):

The speed of sound is 1 in this case



Results

Also for neutron stars: Nc = 3 is not large!
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Conclusions

Large-Nc

• useful tool for QCD (as well as for a variety of models/theories)

• Phenomenology in the vacuum can be better understood (i.e. 

OZI), certains terms appear as dominant, other are suppressed… 

3 is  a large number.

• Exception: chiral anomaly, relevant for the ’ and the 

pseudoscalar glueball 

•Applications at nonzero temperature and density, in various

cases 3 is not a large number. 



Thanks!
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Confinement: quarks never ‘seen’ directly.

How they might look like ☺

Picture by Pawel Piotrowski
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Chiral limit:
is a classical symmetry broken by quantum fluctuations

(trace anomaly)

Dimensional transmutation

Trace anomaly: 

the emergence of a dimension
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Flavor symmetry

jiji
qUq →

Gluon-quark-antiquark vertex

It is democratic! The gluon couples to each flavor with the same strength

VU U(3) U U 1 + → =

iq

i
q
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Chiral symmetry

In the chiral limit (mi=0) chiral 

symmetry is exact, but is 

spontaneously broken by the 

QCD vacuum 

i,Rq
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q
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i i,R i,L ij j,R ij j,Lq q q U q U q= + → +

baryon number      anomaly U(1)A SSB into SU(3)V

Chiral (or axial) anomaly: explicitely broken by quantum fluctuations
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Spontaneous breaking of chiral symmetry:

chiral condensate and constituent mass

*

u dm m m 5 MeV m 300 MeV   → 

Chiral symmetry → Flavor symmetry

*

meson

*

proton

m 2m

m 3m
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
At nonzero T the chiral condensate

decreases  
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Quark-antiquark mesons (PDG 2018)
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Some selected nonets
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Chiral partners
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Tensor and (axial-)tensors
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Large-Nc: basics/1



Large-Nc: basics/2
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Glueball production and decays: 

gluon-rich processes

Glueballs should be find in gluon-rich processes

(such as J/ψ decays, proton-antiproton fusion, …)

Glueball should have suppressed decay into flavor

breaking channels (eg eta-etaprime)

Moreover, glueballs should have a suppressed (but 

nonzero!) decay into photons.





FInite T, sigma model



Finite T, NJL model



What if the lightest scalar is a tetraquark?

for Nc = 3

for Nc> 3

Extended ‘tetraquark’ version!

(indeed, a well-defined one)





Glueball spectrum from lattice QCD
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The speed of sound is 1 in this case



Quark matter athigh density: 

free gas plus bag

Baryonic matter at high density 

(starting from 2ρ0):

parameter α unknown



Stiffest equation and transition

The speed of sound is 1 in this caseThe speed of sound is 1 in this case



Neutron stars, main outcome

Also for neutron stars: Nc = 3 is not large!
Also for neutron stars: Nc = 3 is not large!
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