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Features of Non-central Collisions :

Spectators

Participants

Before collision After collision
Figure 1: Heavy-ion collision experiments. [LHC Collaboration, JINST 17 (2022) 05, P05009]
o Special feature of Non-Central Collisions :
— Large Magnetic Field. [ Bzdakand, V. Skokov, Phys. Lett. B 710 (2012) 171-174]

— Large Angular Momentum.  [F. Becattini et. al. Phys. Rev. C 77 (2008) 204906 ]
— Particle polarization at small /Sy .  [STAR Collaboration, Nature 548 62-65, 2017]
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Particle Polarization :

Figure 2: Origin of particle polarization. [W. Florkowski et al, PPNP 108 (2019) 103709]

o Large angular momentum — Local vorticities — spin alignment.

[Z.-T. Liang and X.-N. Wang, Phys. Rev. Lett. 94, 102301 (2005); Phys. Lett. B 629, 20 (2005)]
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Particle Polarization :
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Experimental evidence, [STAR Collaboration, Nature 548, 62 (2017), Phys. Rev. Lett. 123, 132301 (2019), Phys. Rev.

Lett. 126, 162301 (2021)]

o Theoretical models assuming equilibration of spin d.o.f. explains the data. 3/25



Particle Polarization :
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Figure 3: Observation (L) and prediction (R) of longitudinal polarization.
[Left: Phys. Rev. Lett. 123 132301 (2019);  Right: Phys. Rev. Lett. 120 012302 (2018)]

o Theoretical models assuming equilibration of spin d.o.f. predict the opposite sign.
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Recent Developments :

e Non-local collisions have been considered.

[N. Weickgenannt et. al., Phys. Rev. Lett. 127 052301 (2021); Phys. Rev. D 106, 116021 (2022)]
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e Role of shear stress has been included. (Some hope?)
[F. Becattini et. al., Phys. Lett. B 820 136519 (2021); Phys. Rev. Lett. 127 272302 (2021);

S. Y.F. Liu et. al., Phys. Rev. Lett. 125 062301 (2020)]

o Ambiguity still remains.

[W. Florkowski et. al., Phys. Rev. C 105 064901 (2022)]

o We would like to examine the effects of the equation of state.

5/25



Roadmap :

e A theory with spin should be built from Quantum Field Theory.
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Roadmap :

e A theory with spin should be built from Quantum Field Theory.

e Based on this QFT we have to formulate the macroscopic observables.

e The connection between the two is established via Wigner function (WF).

J;
QFT WE Kinetic Equation — Macroscopic theory.
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Lagrangian :

e Let us consider the Lagrangian:

57 =$(i$+mo)w+G[(W)2+ (@i’vszﬁﬂ

1We have assumed mg =0.
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Lagrangian :

e Let us consider the Lagrangian:

¢ =$(ia+mo)w+G[(W)2+ (stzﬁﬂ

e This leads to the equation of motion? :

[i d—o(x) —ivs ﬂ(x)]w =0.

o= (6) =—2G <1/_J1/1>, = () = —2G <1/_Ji'y5¢>.

e The next step is to obtain kinetic equations of the system.

[W. Florkowski et. al., Annals Phys. 245 445-463 (1996)]

1We have assumed mg =0.
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Wigner Function :

e The Wigner function is defined as:

Wap(z, k) = /d‘lye';’“‘y Gap (:r + gm - g)

where, Gog(z,y) = (Ys(y)va(2)).
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Wigner Function :

e The Wigner function is defined as:

Wop(z, k)= [ diye™¥ Gy Yo Y

5($ ) / y ¢ B (1. + 2 * 2)
where, Gop(z,y) = (Ps(y)va(z)).

e The kinetic equation satisfied by the Wigner function is:

ik ; h
Kk“ + Laﬂ) v+ (9,0) O — iy — —yg (D) a;;} W (z, k) = 0.
2 2 2

e We can decompose the Wigner function as,
1
W =F 4+ iv5P + YTV + vy + =o' Spu.
2

where, o = % [v*, 7]
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Wigner Function :

e The Wigner function is defined as:

Wap(z, k) = /d‘lye”“‘y Gap (:r + gz - g)

where, Gog(z,y) = (Ys(y)va(2)).

e The kinetic equation satisfied by the Wigner function is:

ik ; h
Kk“ + Laﬂ) v+ (9,0) O — iy — —yg (D) a;;} W (z, k) = 0.
2 2 2

e We can decompose the Wigner function as,
W =F +ivsP + V" + " ysedu + if’””‘gzw-
2
where, o"¥ = % [v*,~¥]-
e The components are obtained to be:
F=Tr W] P = —iTr [757%], YH = Tr [ww],

ar =Tr [75#”%/], SHY =Tr [U“UCW} s
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Semi-classical Expansion :

e The kinetic equations of the components are:

K'Y, — 0F + 7% = — [ (8,0) (0L F) — (9,7) (6;9)]

—iKtd, — 0P — 1F = — [ (8,0) (OLP) + (9,) (a,ﬂ)]

— — —

KuF + K" Sy — 0%, + imy = —= [ (8,0) (9 T) — (9vm) (95t |

iKtP — K, 8F — ool 4 inVH = — [(aya) (L tM) — (9, 7) (a,jW)]

2 KlHyvl s”uaﬂKasdg — 78 4 g8HY =

N
N olgvlgulgsvls

2 [(040) (876™) — (0ym) (075") |

where, K¥* = k* + %8“ and §nv = %5‘“’0‘58&5.

[W. Florkowski et. al., Annals Phys. 245 445-463 (1996)]
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X = X(o) + hX(1) + B2 X (o) + -+ J
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where, K¥* = k* + %8“ and §nv = %5‘“’0‘58&5.

[W. Florkowski et. al., Annals Phys. 245 445-463 (1996)]

e The semi-classical expansion is defined as:
X = X(o) + hX(1) + B2 X (o) + -+ J

o In the following we will set, 7 = 0 and M(z) = o()(z).
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Kinetic Equations :

e We can obtain the Kinetic equation for Axial current as:

K® (Bast’) + M (90 M) (95" ) + (9a In M) (kHs1* — kst’) = 0. J

[W. Florkowski et. al., Annals Phys. 245 445-463 (1996)]
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Kinetic Equations :

e We can obtain the Kinetic equation for Axial current as:

K® (Bast’) + M (90 M) (95" ) + (9a In M) (kHs1* — kst’) = 0. J

[W. Florkowski et. al., Annals Phys. 245 445-463 (1996)]

e Leading order ansatz:
(2, k) = 2M / 4P dS 5[ £+ (2, p, )6 (k — p) + F~(w,p,5)0W (k + p)].
— st = (s°,8) = Spin 4-vector,

— pt = (p°,p) = On-shell momentum 4-vector i.e. p> = M?(z).
— f*(z,p,s) = Phase-space distribution functions.

e This ansatz satisfies, k - d(z, k) = 0.
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Spin Tensors :

e The hydrodynamic variable describing the dynamics of spin is — S**¥,
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Spin Tensors :

e The hydrodynamic variable describing the dynamics of spin is — S**¥,

e The canonical spin tensor is defined as:

Sa () = L puve / Ak o (2, ). J

e The GLW (Groot, Leeuwen, Weert) spin tensor is defined as:

SAHV () = /dP dSp*s f(x, p, s). J

where, s*% = ﬁa"‘ﬁ‘“’pusy, dP = %:, ds = (%) d4sé(s-s+52)5(p-s).

e These are related by:
A
Sca‘lliu _ S)\,p,l/ + SM,VA + Su,)\y,_
[W. Florkowski et. al., Prog. Part. Nucl. Phys. 108 103709 (2019)]
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Evolution of Spin Tensor :

e Recall the kinetic equation for the Axial current,

K (Dasth) + M (9aM) (95" ) + (9a In M) (K*s1® — k) = 0.

e Multiplying this by kgaf 7% and integrating over k-momenta we get:

9S8 = (8a In M) (SWS“ - S‘s*“’"‘) £0

for M = M(x).

[SB et. al. PLB 849 (2024) 138464]

e As expected, the spin tensor is conserved when M is constant.
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Conservation of Angular Momentum :

e Conservation of total angular momentum implies:

NI = 0.
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Conservation of Angular Momentum :

Conservation of total angular momentum implies:

OnJMH = 0.

Noting J = L + S, and LMY = gF T — 2V T we can write:

onsat” =T 15

Then we can find:

MOy Sl = 8y (MS‘““) N (MSWV)

Thus our approach is consistent with “conservation of angular momentum.”
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Analytical Solutions



Analytical Solutions:

Figure 4: Transverse view of non-central collisions. [SB et. al. PLB 849 (2024) 138464]
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e Consider a system expanding boost-invariantly along the z-axis:

f(x,p,s) = g(z,p, 5)6(pz)d(py)

= SMH(z) = /deSp)‘s“”g(m,p, $)0(pz)d(py)
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(a) Yy

Figure 4: Transverse view of non-central collisions. [SB et. al. PLB 849 (2024) 138464]

e Consider a system expanding boost-invariantly along the z-axis:

f(x,p,s) = g(z,p, 5)6(pz)d(py)

= SMH(z) = /deSp)‘s“”g(m,p, $)0(pz)d(py)

e So, we have: SHHY = §2HV —(,
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Analytical Solutions - I (Transverse Polarization):

e Transverse polarization implies:

g(z,p, s) = h(z,p, s)0(sz)d(sz)
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Analytical Solutions - I (Transverse Polarization):

e Transverse polarization implies:

g(z,p, s) = h(z,p, s)0(sz)d(sz)

Y

Figure 5: Transverse polarization schematic diagram. [SBet. al. PLB 849 (2024) 138464]
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Analytical Solutions - I (Transverse Polarization):

e The spin tensor under transverse polarization becomes :

SA’“”(ac) = /dP dSpAs*“’h(m,p, 5)0(82)0(82)0(pz)d(py)-

17/25



Analytical Solutions - I (Transverse Polarization):

e The spin tensor under transverse polarization becomes :

SA’“”(z) = /dP dSpAs*“’h(m,p, 5)0(82)0(82)0(pz)d(py)-

e Furthermore, if M = M(t, z), then the only non-zero components of
spin-tensor are S°:°*, §3:01 G031 §3,31,

17/25



Analytical Solutions - I (Transverse Polarization):

e The spin tensor under transverse polarization becomes :

SA’“”(z) = /dP dSpAs*“’h(m,p, 5)0(82)0(82)0(pz)d(py)-

e Furthermore, if M = M(t, z), then the only non-zero components of
spin-tensor are S°:°*, §3:01 G031 §3,31,

e The dynamics of spin is described by:

. oM M _, ..
6050’01+8353’0 — ;\4 So,10+ ?M 5(1,137
0o9%3% 49,5331 = %WMS&IO + 83%53’13.
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Analytical Solutions - I (Transverse Polarization):

e Let us consider the following basis vector :

i 0 0 0

-

0 1 0 0
ut = ol Sk = ol S = 1| St = 0

E 0 0 1

=

where 7 = \/t2 + 22.
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o = O O
= O O O

A O ON
o O = O

where 7 = \/t2 + 22.

e This allows us to express the spin tensor parametrically as :

SO = o(T)ure" P uq Sy p
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ut =

S O O
8

o o~ O

o= oo

= o o o

where 7 = \/t2 + 22.

e This allows us to express the spin tensor parametrically as :

SMY = g(r)ure! P ug S, 5

e Then we have:
do o
— +—=0.
dr + T

= o(7) = 0'(7'0)?.

i.e. the spin decouples from the change in M.
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e Let us consider the following basis vector :

ut =

S O O
8

o o~ O

o= oo

= o o o

where 7 = \/t2 + 22.

e This allows us to express the spin tensor parametrically as :

SMY = g(r)ure! P ug S, 5

e Then we have:
do o
— +—=0.
dr + T

= o(7) = 0'(7'0)?.

i.e. the spin decouples from the change in M.

e The solution is equivalent to conservation law in Bjorken model.
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Analytical Solutions - II (Longitudinal Polarization):

e Longitudinal polarization implies:

g(x,p, s) = h(z,p, s)0(s2)0(sy)
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Analytical Solutions - II (Longitudinal Polarization):

e Longitudinal polarization implies:

g(x,p, s) = h(z,p, s)0(s2)0(sy)

Figure 6: Longitudinal polarization schematic diagram. [SBet. al. PLB 849 (2024) 138464]
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Analytical Solutions - II (Longitudinal Polarization):

e The spin tensor under longitudinal polarization becomes :

SA’“”(x) :/deSpks’”’h(;r,p,s)é(sw)é(sy)é(pw)é(py).
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Analytical Solutions - II (Longitudinal Polarization):

e The spin tensor under longitudinal polarization becomes :

SA’HV(.Z’) :/deSpks””h(:L’,p,s)d(sx)é(sy)é(pw)d(py).

e Parametrically, we can write the spin tensor as:

ShHY — o(r) uka“"aﬁuaSzﬂ.

e Similar to transverse case, the spin decouples from the gradient of M (z) and
we have a similar solution.
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Analytical Solutions - IIT (Beoynd Boost Invariance):

e The symmetry of boost-invariance leads to trivial solutions.
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Analytical Solutions - IIT (Beoynd Boost Invariance):

e The symmetry of boost-invariance leads to trivial solutions.

Let us break boost-invariance but still consider a longitudinal expansion.

We assume the simple case:

M = M(1),

where, v is constant.

Then this leads to:

The solution is:

(

0

S3°Y(t,z) =v SO (L, z) = vol(t, z).

— tv—

ot

Y o= (20 o

ot

o(t,z) =

M,
WUO(Z —v(t —to)).
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Analytical Solutions - IIT (Beoynd Boost Invariance):

e The symmetry of boost-invariance leads to trivial solutions.
o Let us break boost-invariance but still consider a longitudinal expansion.

e We assume the simple case:
M = M(t), S3°Y(t,z) =v SO (L, z) = vol(t, z).

where, v is constant.

e Then this leads to:

(5 +va) ot = (2250 o

e The solution is:

% ooz — v(t —to)).

M,
o(t,z) = W

e This solution implies the increase of spin density with decreasing mass,
indicating a connection between chiral restoration and spin polarization.
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Other Aspects



Chiral Spiral:

e Let us recall the equation of motion,

[L‘ @ —o(x) —ivs w(:p)]w =0.
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Chiral Spiral:

e Let us recall the equation of motion,

[L‘ @ —o(x) —ivs ﬂ(:p)]’tb =0.
e We may examine the case with o # 0 and, 7 # 0.

e A particularly interesting case of o = ¢ cos(q - r) and, ¥ = ¢ sin(q - r), known
as “chiral spiral”, can be investigated.
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Rotating System:

e If we consider a rotating system, we may use the gap equation to find a
connection between mass and angular velocity.
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Rotating System:

e If we consider a rotating system, we may use the gap equation to find a
connection between mass and angular velocity.
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Figure 7: Variation of mass with angular velocity

[Zheng Zhang et. al. PRD 101, 074036 (2020)]
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Summary and Outlook :

e Gradients of effective mass can act like a source of spin polarization.

e Spin evolution decouples from the source term in a highly symmetric system.

e By giving up boost-invariance, we find a connection between spin polarization
and chiral restoration.
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Summary and Outlook :

e Gradients of effective mass can act like a source of spin polarization.
e Spin evolution decouples from the source term in a highly symmetric system.

e By giving up boost-invariance, we find a connection between spin polarization
and chiral restoration.

o A self-consistently determined M (z) should be used to study the evolution.

e Consideration of a rotating system, may establish the connection of spin
polarization and the angular momentum of the system.

e Consequence of non-zero 7 should be explored.

e Evolving the system in a background magnetic field may lead to some
interesting phenomenon.

Thank you.
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