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1 Introduction 1.1 Is QGP the most vortical fluid?

First positive measurements of Λ spin polarization

Non-central heavy-ion collisions create fireballs with large global angular momenta which may generate a spin polarization
of the hot and dense matter in a way similar to the Einstein-de Haas and Barnett effects
Much effort has recently been invested in studies of polarization and spin dynamics of particles produced in
high-energy nuclear collisions, both from the experimental and theoretical point of view
L. Adamczyk et al. (STAR), (2017), Nature 548 (2017) 62-65, arXiv:1701.06657 (nucl-ex)

Global Λ hyperon polarization in nuclear collisions: evidence for the most vortical fluid
www.sciencenews.org/article/smashing-gold-ions-creates-most-swirly-fluid-ever
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Large angular momentum does not mean large rotation!
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1 Introduction 1.2 Equilibrated spin

1.2 Equilibrated spin

J. Weyssenhoff and A. Raabe, Acta Phys. Pol. 9 (1947) 7

revival of interest in hydrodynamics of spin polarized systems
in a series of works by Francesco Becattini and collaborators
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1 Introduction 1.2 Equilibrated spin

Connection betweeen theory and experiment by the “spin Cooper-Frye formula”
Pauli-Lubański vector defined by the spin polarization tensor ωµν

πµ(p) = −
1

8m
εµρστpτ

∫
dΣλpλn(1 − n)ωρσ∫

dΣλpλn
integral over freeze-out hypersurface Σ (1)

spin degrees of freedom are equilibrated, spin-orbit coupling interaction included,
asymmetric energy-momentum tensor, the spin polarization tensor is equal to
thermal vorticity

ωµν = $µν = −1/2
(
∂µβν − ∂νβµ

)
βµ = uµ/T , β = 1/T

the spin polarization tensor is not an independent hydrodynamic variable

standard (dissipative) hydro is used, ωµν determined by the standard
hydrodynamic variables such as T and uµ

recent works on extension to include effects of the shear stress tensor

equilibrium distribution functions obtained from QFT (Dirac field under rotation
and acceleration, very specific boundary conditions)

great success in decribing global polarization, problems to explain the
longitudinal polarization
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1 Introduction 1.3 Different formulations of spin hydrodynamic.

the case of massive spin-1/2 particles is considered only in this talk

1. THV (thermal vorticity oriented) approach described above
F. Becattini, L. Tinti, V. Chandra, I. Del Zanna, E. Grossi, M. Buzzegoli, G. Inghirami, I. Karpenko, ...

2. KT (kinetic theory) approach (Wigner functions, classical treatment of spin)

2.1 LKT - local collisions, spin part of total angular momentum
conserved
B. Friman, WF, A. Jaiswal, E. Speranza, R. Ryblewski, A. Kumar, S. Bhadury, R. Singh, ...

2.2 NLKT - non-local collisions included, only total angular momentum
conserved
N. Weickgenannt, E. Speranza, D. Rischke, D. Wagner, X.-L. Sheng, ...

3. IS (Israel-Stewart) approach
K. Hattori, M. Hongo, X.-G. Huang, M. Matsuo, K. Fukushima, S. Pu, A. Daher, A. Das, R. Biswas, G. Sarwar, M.

Hasanujjaman, J. R. Bhatt, H. Mishra, J.-e. Alam, D.-L. Wang, S. Fang, ...

4. Lagrangian formulation
G. Torrieri, D. Montenegro, K. J. Goncalves, ...

STATISTICAL PHYSICS VS. THERMODYNAMICS
KINETIC THEORY VS. HYDRODYNAMICS
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2 Kinetic-theory→ perfect spin hydrodynamics 2.1 Thermodynamic identities

Standard form of thermodynamic relations
extensivity→ intensivity rule

E + PV = TS + µN → ε+ P = Tσ+ µn (2)

first law of thermodynamics and Gibbs-Duhem relation

dε = Tdσ+ µdn, dP = σdT + ndµ (3)

ε, P, T , σ, µ and n are the local energy density, pressure, temperature, entropy
density, baryon chemical potential, and baryon number density

Tensor form of thermodynamic relations (Israel-Stewart)
entropy current

Sµ
eq = σuµ = Pβµ − ξNµ

eq + βλTλµ
eq (4)

dSµ
eq = −ξdNµ

eq + βλdTλµ
eq , d(Pβµ) = Nµ

eqdξ − Tλµ
eq dβλ (5)

standard notation: βµ = uµ/T , β =
√
βλβλ = 1/T , and ξ = µ/T

perfect-fluid forms: Nµ
eq = nuµ and Tλµ

eq = (ε+ P)uλuµ − Pgλµ = εuλuµ − P∆λµ
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2 Kinetic-theory→ perfect spin hydrodynamics 2.1 Thermodynamic identities

inclusion of spin, Ωαβ - spin chemical potential, Sαβ - spin density tensor

ε+ P = Tσ+ µn + 1
2 ΩαβSαβ (6)

dε = Tdσ+ µdn + 1
2 ΩαβdSαβ., dP = σdT + ndµ+ 1

2 SαβdΩαβ (7)

multiplication of the above equations by the hydrodynamic flow vector u gives
the tensor (Israel-Stewart) form

Sµ
eq = Pβµ − ξNµ

eq + βλTλµ
eq −

1
2ωαβS

µ,αβ
eq (8)

dSµ
eq = −ξdNµ

eq + βλdTλµ
eq −

1
2ωαβdSµ,αβ

eq , d(Pβµ) = Nµ
eqdξ − Tλµ

eq dβλ + 1
2 Sµ,αβ

eq dωαβ (9)

spin tensor

Sµ,αβ
eq = uµSαβ

eq (10)

analog to the perfect-fluid forms of Nµ
eq and Tλµ

eq
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2 Kinetic-theory→ perfect spin hydrodynamics 2.2 Kinetic theory for particles with spin

Internal angular momentum (Mathisson), classical spin vector, extended phase-space
Review: WF, A. Kumar, R. Ryblewski, Prog.Part.Nucl.Phys. 108 (2019) 103709

sαβ =
1
m
εαβγδpγsδ, pαsα = 0, sα =

1
2m

εαβγδpβsγδ (11)

f±eq(x ,p, s) = exp
(
−p · β(x) ± ξ(x) +

1
2
ωαβ(x)sαβ

)
(12)

macroscopic quantities expressed as the moments of the distribution function

Nµ
eq =

∫
dP dS pµ

[
f+
eq(x ,p, s) − f−eq(x ,p, s)

]
, ∂µN

µ
eq = 0 (13)

Tµν
eq =

∫
dP dS pµpν

[
f+
eq(x ,p, s) + f−eq(x ,p, s)

]
, ∂µT

µν
eq = 0 (14)

Sλ,µν
eq =

∫
dP dS pλ sµν

[
f+
eq(x ,p, s) + f−eq(x ,p, s)

]
, ∂λSλ,µν

eq = 0 (15)

conservation laws determine: β(x), ξ(x), and ωαβ(x) — perfect spin hydrodynamics
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2 Kinetic-theory→ perfect spin hydrodynamics 2.2 Kinetic theory for particles with spin

parametrization of the spin polarization tensor in terms of electric- and magnetic-like
components (k and ω) in a direct analogy to MHD

ωαβ = kαuβ − kβuα + tαβ, tαβ = εαβγδuγωδ (16)

k and ω are orthogonal to the flow vector: k · u = 0 and ω · u = 0

spin tensor in the lowest order of k and ω (linear contribution)

Sλ,µν
eq = uλ [A(T , µ) (kµuν − k νuµ) + A1(T , µ)tµν] (17)

+
A3(T , µ)

2

(
tλµuν − tλνuµ + ∆λµk ν −∆λνkµ

)
= uλSµν

eq + problem

problem = term that is not proportional to uλ

kinetic theory does not lead to the form Sµ,αβ
eq = uµSαβ

eq , even in local equilibrium state
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2 Kinetic-theory→ perfect spin hydrodynamics 2.2 Kinetic theory for particles with spin

different ways to proceed:

IS approach, the kinetic theory result is ignored, one uses the form
Sµ,αβ

eq = uµSαβ
eq , even with a further simplifying assumption that

Sαβ
eq = A(T , µ)ωαβ [phenomenological formula for the spin tensor]

the phenomenological form is not connected to other versions by a pseudogauge transformation; dissipative spin

hydrodynamics including the phenomenological spin tensor as the leading contribution is unstable, even in the

second-order theory; inconsistent treatment of thermodynamic relations, terms like ωµνSµνeq treated as first-order

corrections although they are of the second order

LKT approach, only the linear terms are kept
the resulting formalism describes spin evolving in an external standard hydrodynamic background, since corrections to

the energy-momentum tensor and baryon current start with the quadratic terms; moderately unstable solutions found for

this scheme, thermodynamic relations become trivial, reduce to the standard ones
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2 Kinetic-theory→ perfect spin hydrodynamics 2.2 Kinetic theory for particles with spin

a solution stands behind the corner ..........
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2 Kinetic-theory→ perfect spin hydrodynamics 2.2 Kinetic theory for particles with spin

From (11)–(14) one obtains tensor forms of thermodynamic relations
valid for any value of the spin polarization tensor ω

Sµ
eq = Tµα

eq βα −
1
2
ωαβS

µ,αβ
eq − ξNµ

eq +Nµ, N
µ = coth ξ Nµ

eq , Puµ (18)

dSµ
eq = −ξdNµ

eq + βλdTλµ
eq −

1
2ωαβdSµ,αβ

eq first law of thermodynamics (19)

dNµ = Nµ
eqdξ − Tλµ

eq dβλ + 1
2 Sµ,αβ

eq dωαβ Gibbs-Duhem relations (20)

Expansion up to second order in ω

Nµ
eq = n̄(T , ξ, k 2, ω2)uµ + nt (T , ξ)tµ, (21)

Tµν
eq = ε̄(T , ξ, k 2, ω2)uµuν − P̄kω(T , ξ, k 2, ω2)∆µν (22)

+Pkω(T , ξ)( k 〈µk ν〉 + ω〈µων〉) + Pt (T , ξ) (tµuν + tνuµ).

tµ = tµνkν = εµναβkνuαωβ

W. Florkowski (IFT UJ) Unified spin hydrodynamics July 1, 2024 17 / 30



2 Kinetic-theory→ perfect spin hydrodynamics 2.2 Kinetic theory for particles with spin

Tµν
eq = ε̄(T , ξ, k 2, ω2)uµuν − P̄kω(T , ξ, k 2, ω2)∆µν (23)

+Pkω(T , ξ)( k 〈µk ν〉 + ω〈µων〉) + Pt (T , ξ) (tµuν + tνuµ).

Strong similarity to the case of anisotropic relativistic magnetohydrodynamics
Eµ = 0,Bµ , 0 (similarly to kµ = 0, tµ = 0, ωµ , 0)

M. Gedalin and I. Oiberman, Phys. Rev. E51 (1994) 4901
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3 Positive entropy production→ dissipative spin hydrodynamics 3.1 Non-equilibrium entropy current
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3 Positive entropy production→ dissipative spin hydrodynamics 3.1 Non-equilibrium entropy current

IS method - replacement of the equilibrium currents by the general ones
(equilibrium + non-equilibrium corrections)

Sµ = Tµαβα − 1
2ωαβS

µ,αβ
− ξNµ +N

µ
eq (24)

Conservations laws, now for total angular momentum J = L + S

∂µNµ = 0, ∂µTµν = 0, ∂µSµ,αβ = T βα
− Tαβ (25)

entropy production

∂µSµ = −δNµ∂µξ+ δTµλ
s ∂µβλ + δTµλ

a

(
∂µβλ − ωλµ

)
−

1
2
δSµ,αβ∂µωαβ ≥ 0 (26)
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3 Positive entropy production→ dissipative spin hydrodynamics 3.1 Non-equilibrium entropy current

Generalized Tolman-Klein conditions define global equilibrium state:

∂µξ = 0, ∂(µβλ) = 0, ωλµ = ∂[µβλ] = −
1
2

(
∂λβµ − ∂µβλ

)
(27)

the last condition says that the spin polarization tensor is equal to the thermal vorticity
tensor (starting point for F. Becattini’s approach)
The middle equation, ∂λβµ + ∂µβλ = 0, is the Killing equation with a solution of the
form

βµ = βµ0 + $µνxν, $µν = −$νµ = const, βµ0 = const (28)

One possible solution: rigid rotation with a very special boundary condition at R = 1/Ω
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3 Positive entropy production→ dissipative spin hydrodynamics 3.2 Tensor decompositions
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3 Positive entropy production→ dissipative spin hydrodynamics 3.2 Tensor decompositions

General (mathematical) decomposition of tensors into parts that are: i) either symmetric or antisymmetric, ii) either parallel or

orthogonal to the flow, iii) with zero or non-zero trace. The simplest case, baryon current Nµ = Nαgµα = Nα(∆
µ
α + uµuα)

Baryon current

Nµ = auµ + bµ (29)

here bµuµ = 0, altogether 4 parameters

Energy-momentum tensor

Tµν = cuµuν − e∆µν + dµs uν + dνs uµ + e〈µν〉s + dµa uν − dνauµ + eµνa (30)

here: dµs uµ = dµa uµ = eµνa uµ = eµνs uµ = 0, e〈µν〉s is symmetric and traceless, eµνa is antisymmetric

19 parameters, 3 can be eliminated by a suitable choice of the hydrodynamic flow (Landau vs. Eckart), 16 parameters left

Spin tensor

Sλ,µν = −Sλ,νµ = uλ
[
(fµuν − f νuµ) + εµνρσuρwσ

]
+ iλµuν − iλνuµ + jλµν (31)

here: fµuµ = wµuµ = 0, iλµuλ = iλµuµ = 0, jλµν = −jλνµ, jλµνuλ = jλµνuµ = jλµνuν = 0,
iλµ can be further decomposed into symmetric (with zero and non-zero trace) and antisymmetric parts

24 parameters
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3 Positive entropy production→ dissipative spin hydrodynamics 3.2 Tensor decompositions

Landau matching conditions

Nµuµ = Nµ
equµ, (32)

Tµνuµuν = Tµν
eq uµuν, (33)

Sλ,µνuλ = Sλ,µν
eq uλ. (34)

The consequences of Eqs. (32)–(34) are straightforward:

a = n̄(T , ξ, k 2, ω2), (35)

c = ε̄(T , ξ, k 2, ω2), (36)

fµ = A(T , ξ)kµ, (37)

wµ = A1(T , ξ)ωµ. (38)

one can choose T , ξ, kµ, and ωµ (by solving Eqs. (35)–(38)) in such a way that certain
parts of Nµ, Tµα, and Sµ,αβ have the form of the equilibrium tensor
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3 Positive entropy production→ dissipative spin hydrodynamics 3.3 Navier-Stokes limit
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3 Positive entropy production→ dissipative spin hydrodynamics 3.3 Navier-Stokes limit

components of the total baryon current

bµ = −λ∇µξ+ tµ. (39)

energy-momentum tensor

dµs = −κ(Duµ − β∇µT) + Pt tµ, (40)

dµa = −λaβ
−1(βDuµ − β2

∇
µT − 2kµ), (41)

e = P̄ − ζθ − (1/3)Pkω(k 2 + ω2), (42)

e〈µν〉s = 2ησµν + Pkω( k 〈µk ν〉 + ω〈µων〉), (43)

e[µν]
a = γ

(
β∇[µuν] + tµν

)
. (44)

spin tensor

iλµ = −χ1∆λµuβ∇αωαβ − χ2uν∇〈λωµ〉ν (45)

−χ3uν∆
[µ
ρ ∇

λ]ωρν +
A3

2
tλµ,

jλµν =
χ4

2
∇
λω〈µ〉〈ν〉 +

A3

2
(∆λµk ν −∆λνkµ), (46)

TWO SCALES FOR EXPANSION: GRADIENTS (KNUDSEN NUMBER) &
MAGNITUDE OF THE SPIN POLARIZATION TENSOR
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4. Summary and Outlook

4. Summary and Outlook

a unified (hybrid) approach to spin hydrodynamics is proposed that combines the
results of kinetic theory with the IS method

consistency beetween LKT and IS approaches can be achieved

technical difficulties of NLKT can be circumvented

a different starting point compared to THV approach

second order theory (in gradients) needed
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4. Summary and Outlook

Back-up slides
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4. Summary and Outlook Weyssenhoff’s spinning fluid

Nµ = nuµ current = density × flow vector
analogies for energy, momentum and spin

1) conservation of energy and momentum with an asymmetric energy-momentum
tensor

Tµν(x) = gµ(x)uν(x) , ∂νTµν(x) = 0 (47)

uµ is the four-velocity of the fluid element, while gµ is the density of four-momentum
with the notation ∂ν(fuν) ≡ Df we may write Dgµ = 0

2) conservation of total angular momentum Jλ,µν = Lλ,µν + Sλ,µν (orbital and spin parts)

Lλ,µν(x) = xµT νλ(x) − xνTµλ(x), Sλ,µν(x) = sµν(x)uλ(x) (48)

sµν = −sνµ describes the spin density

∂λJλ,µν = 0→ Dsµν = gµuν − gνuµ (49)

3) 10 equations for 13 unknown functions: gµ, sµν and ui (i = 1,2,3)
additional constraint has been adopted, the Frenkel (or Weyssenhoff) condition
sµνuµ = 0

ideas still frequently cited in the context of the Einstein-Cartan theory
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Pseudogauge freedom

Pseudo-gauge transformation (QCD language in the context of the proton spin
puzzle: adding boundary terms)

T ′µν = Tµν +
1
2
∂λ

(
Φλ,µν + Φν,µλ + Φµ,νλ

)
(50)

S ′λ,µν = Sλ,µν
−Φλ,µν + ∂ρZµν,λρ (51)

One most often considers free Dirac field, should describe a gas of fermions,
good starting point for thermodynamics and/or hydrodynamics
Canonical forms (directly obtained from Noether’s Theorem): asymmetric
energy-momentum tensor, spin tensor directly expressed by axial current (couples to
weak interactions)

Belinfante-Rosenberg version, Φλ,µν = Sλ,µν,Zµν,λρ = 0, (couples to classical
gravity); spin tensor appears in modified theories of gravity, couples to torsion

de Groot, van Leuveen, van Weert (GLW) forms: symmetric energy-momentum
tensor and conserved spin tensor

Hilgevoord and Wouthuysen (HW) choice: symmetric energy-momentum tensor
and conserved spin tensor
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