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Motivation - QCD phase diagram 

 Conjectured phase diagram              
[F. Karsch, arXiv:2212.03015]
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Figure 9: Sketch of a possible QCD phase diagram in the space of temperature (T ), baryon
chemical potential (µB) and light quark masses (mu,d).

susceptibility �M . Using a Taylor series ansatz for Tpc(µB),
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one finds for the curvature coe�cients B
2 ' 0.012 while the next correction

is consistent with zero in all current studies, e.g. B
4 = 0.00032(67) [34]. The

pseudo-critical temperature Tpc at physical values of the light and strange
quark masses thus drops to about 150 MeV at µB ' 2Tpc. This is still con-
siderably larger than the chiral phase transition temperature, T 0

c , determined
at µB = 0. As various model calculations [47, 48] suggest that the CEP at
non-zero µB is located at a temperature below T 0

c one thus needs to get
access to thermodynamics at large chemical potentials. Assuming that the
curvature of the pseudo-critical line does not change drastically at large val-
ues of the chemical potentials, our current understanding of the QCD phase
diagram in the m`-T -µB space (see Fig. 9) suggests that a possible CEP in
the phase diagram may exist only at a temperature,

TCEP (µCEP
B ) < 130 MeV , µCEP

B > 400 MeV . (28)

Reaching the region µB/T > 3 is a major challenge for any of the currently
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•   Experimentally hard - system dynamic 
and short lived  

•   Strongly interacting at low energy  

•   Lattice has sign problem at finite  

•   In FRG one has truncations …

μBCEP ?

CEP - an open problem because : 

Yet, a lot of progress in studying the phase 
diagram comes from lattice studies of QCD

•   Taylor expansions about ,      
[Allton, et.al Bielefeld-Swansea (2002)] 

•    Analytic continuation from imaginary 
 simulations [de Forcrand, Philipsen (2002)], [D’Elia 

and Lombardo, (2002)]

μB = 0

μB



 Yang-Lee zeros and edge singularities

T > Tc T = Tc

LYE

[C. N. Yang, T. D. Lee, Phys. Rev., vol. 87, 1952]

[M. E. Fisher, Phys. Rev. Lett. 40 (1978)]

LY zeros for the Ising model

• Taylor expansions limited by complex singularities of the partition function! 

•   Gap in density of zeros in symmetric phase - closest zero is the Yang-Lee 
edge - described by  theory with imaginary coupling ϕ3



universality class) has been determined by a variety of
methods; see, e.g., Refs. [10–13].
An interesting property of the YLE critical point is that it

is characterized by a ϕ3 theory, and, consequently, its upper
critical dimension is 6 [14]. Therefore, the conventional ε
expansion near four dimensions applied to study the
Wilson-Fisher critical point of the underlying universality
class has only limited predictive power for locating the
YLE singularity. We come back to this in more detail in
Sec. III B.
The numerical calculations in this paper are performed

using the functional renormalization group (FRG)
approach; see Ref. [15] for a review. We extend the results
of our previous work (see Refs. [6,7]) significantly. First,
we improve the truncation scheme going to the (truncated)
first-order derivative expansion and including the depend-
ence of the wave-function renormalizations on the field for
N > 1. In our original study [6], the calculations were
performed in the so-called local potential approximation
(LPA0), which assumes a field-independent wave-function
renormalization, while in Ref. [7] we investigated only the
Ising universality class N ¼ 1. Second, we accounted for
the residual dependence on the regulator by performing a
minimal sensitivity analysis [16], which was motivated by
minimizing the sensitivity to nonphysical parameters in
conventional perturbation theory with different renormal-
ization schemes [17].
The paper is organized as follows. We start by defining a

required set of universal quantities, functions, and nonuni-
versal metric factors in Sec. II. We then review analytical
results for the location of the YLE singularity in Sec. III:
the large-N limit and for the number of spatial dimensions

close to 4. For the number of components N ≠ 1, we
discuss the behavior of the singularity near two dimensions.
In Sec. IV, we turn to FRG calculations where we extract
the location of the singularity for various N in three spatial
dimensions. We end with conclusions in Sec. V.

II. SCALING EQUATION, CRITICAL
AMPLITUDES, AND EXPONENTS

Consider a system near a critical point with two relevant
parameters t and h introduced in such a way as to detune
the system from criticality which occurs at t ¼ h ¼ 0. We
will refer to t as the temperature. Its defining property is
that nonzero values of t do not explicitly break any
symmetries of the system. However, a nonzero t may lead
to a spontaneous symmetry breaking for either positive or
negative t. Conventionally, we assign positive values of t to
when the spontaneous symmetry breaking is not possible—
in other words, t > 0 defines the symmetric phase of the
system. In contrast to t, nonzero values of h, to which we
will refer as the external magnetic field, break the sym-
metry explicitly. We quantify the system’s response to t and
h by measuring the order parameter, to which we also will
refer as magnetization M.
The renormalization group analysis (see, e.g., Ref. [18])

demonstrates that the equations of state describing the
dependence of the magnetization on the parameters t and h
has a homogeneous form and can be written as

h ¼ Mδfðx≡ tM−1=βÞ; ð1Þ

where β and δ are universal critical exponents and fðxÞ is a
universal scaling function.
In general, the parameters t and h are related to the

physical parameters of the system through two nonuniver-
sal proportionality coefficients, also called metric factors.
The metric factors are usually chosen in such a way as to
satisfy two normalization conditions for the function f:

fð0Þ ¼ 1; ð2Þ

fð−1Þ ¼ 0: ð3Þ

The above form of the scaling equation of state was
suggested by Widom [19]. One of its advantages is that
it can be straightforwardly derived using the ε expansion.
Its disadvantage is that it leads to an implicit dependence of
M on t and h. An alternative form

Mðt; hÞ ¼ h1=δfGðz ¼ t=h1=ΔÞ ð4Þ

solves this issue. Here, we have introduced the so-called
gap critical exponentΔ ¼ βδ. The function fG is a function
of one variable; it encodes most of the critical statics. It has
to satisfy the normalization conditions

FIG. 1. Analytic structure of the universal phase diagram for
N ¼ 1. Only branch points are displayed; the cuts are omitted for
the clarity of the figure. To draw this figure, we used h ¼ ðt=zcÞβδ
with the realistic critical exponents and the location of the
singularity obtained jzcj from Ref. [7] complemented by the
value of Rχ ¼ 1.72 from Ref. [2]. For the mean-field equation of
state and for the large-N limit in d ¼ 3, the spinodals are located
on the real h axis due to integer values of 2βδ. Only positive
values for real values of h are shown.
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•  LYE is a critical point with one relevant scaling direction   

• Moreover, continuously connected to the standard critical point at  

• Images of the Spinodal points in the  branch of the EoS [X. An, D. Mesterházy, 
and M. A. Stephanov, J. Stat. Mech., (2018)]

M − Mc ∼ (h − hc)σ

t = 0 , h = 0

T < Tc

[G.Johnson, F. Rennecke & V. V. Skokov Phys.Rev.D 107 (2023)]

d = 3

Yang-Lee zeros and edge singularities
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Yang-Lee zeros and edge singularities

•  Location of LYE  , is universal,   

•  Phase is determined from Circle Theorem in Ising model but  not

zc ≡
t

h1/βδ
LYE (t)

fG(z) = (z − zc)σ

|zc |

Figure 1: Left panel: An illustration for the magnetic equation of state fG(z) in mean-field
approximation for real values of the argument z (for the Ising universality class in two and
three dimensions, see Ref. [34, 35] and Ref. [36] respectively). Right panel: the analytical
structure of the function fG(z) in the complex z plane. The YLE singularity (its complex
conjugate) are located at zc (z⇤c ). The lines extending from the singularities depict the
branch cuts.

3. (Semi-)analytical results for location of Yang Lee Edge singular-
ity

The location of the YLE singularity can be determined by finding zeros
of the inverse magnetic field susceptibility, that is

1

f 0
G(zc)

=
dz(f c

G)

df c
G

= 0 (25)

where in the last equality we treated z as a function of fG and defined
f c
G = fG(zc). Note that the function fG(z) is universal and therefore the
location of the YLE singularity, zc, determined by Eq. (25), is universal.
Moreover the corresponding ⇣c is a universal number as it is defined by the
universal quantities only (zc, R� and �), see Eq. (23).

From the Lee Yang theorem, implying that the YLE singularity is located
at purely imaginary H, we can immediately conclude that the arguments of
both complex numbers zc and ⇣c is

Arg zc = Arg ⇣c = �
1

�
ArgHc = ±

⇡

2�
. (26)

That is, the argument of the universal location is fully determined by the Ising
critical exponents � = �� and does not require any extraneous knowledge (see
Fig. 1 for an illustration). It is quite di↵erent for the absolute value ⇣c (or |zc|),

9

[F. Rennecke and V. V. Skokov Annals Phys. 444 (2022)]

•  expansion around  not an option because LYE described by  theory 

•  Until recently only results from FRG were present.

ϵ d = 4 ϕ3



Scaling functions from lattice simulations

•  Scaling functions in  for  and their finite size 
dependence studied using Monte Carlo simulations  

• New MC simulations with improved  models aimed at suppressing 
corrections to scaling performed for  and  universality classes [F. 
Karsch, M. Neumann, M. Sarkar in Phys. Rev. D 108, (2023)] 

•  For , still an un-improved Hamiltonian but updated parametrization from 
[J. Engels and F. Karsch Phys. Rev. D 85 (2012)] 

• Quantity of interest in the following :  

• The LYEs would then be located at zeros of the inverse magnetic field 

susceptibility 

3 − d O(N) N ∈ {1,2,4}

ϕ4

3 − d O(2) Z(2)

O(4)

M = −
∂f
∂H

≡ h1/δfG(z)

1
f′ G(zc)

=
dz( f c

G)
dfc

G
= 0



Scaling functions from lattice simulations

•Using the Schofield [P. Schofield, Phys. Rev. Lett. 22, 1969] parametrization of the 
Widom-Griffiths form,
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! Calculated on Lattice using Monte Carlo simulations !

O(2)

Z(2)

*[F. Karsch, M. Neumann, M. Sarkar in Phys. Rev. D 108, (2023)]

the following fit parameters were obtained*

M = m0Rβθ , t = R(1 − θ2) , h = h0Rβδh(θ)



Schofield parametrisation and Lee-Yang edges 

•  The scaling function takes the form

fG(θ(z)) = θ ( h(θ)
h(1) )

−1/δ

,

z(θ) =
1 − θ2

θ2
0 − 1

θ1/β
0 ( h(θ)

h(1) )
−1/βδ

•  with  odd polynomial and the scaling 
variable  given by,

h(θ)
z = t/h1/βδ

•   Under this parametrization, , with  defining the distance 
from the critical point. 

•  Thermodynamic functions are analytic functions of 

(t, h) → (R, θ) R

θ
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[F. Karsch, S.S., C. Schmidt Phys.Rev.D 109 
(2024)]



Schofield parametrisation and Lee-Yang edges 

•   Immediate consequence of the map : points on Im[ ] axis have the LY phase 

•  Entire real  axis mapped between  with  at , at 
 and  at  

•  The location of the LYE is obtained by solving

θ

z θ ∈ (0,θ0) z = 0 θ = 1 z → + ∞
θ = 0 z → − ∞ θ = θ0

•   We find additional zeros than the expected LYEs 

•   The map  is not invertible and we need to find the region where the 
map is well defined. 

•   Verify that  has a branch cut originating from  and its complex 
conjugate

z(θ) ↦ θ

fG(zc) zc

dz(θ)
dfG(z)

= 0 ⟹
dz(θ)

dθ
= 0 0 = 2βδθh(θ) − (θ2 − 1) h′ (θ)



Analysis for 3 − d Z2
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[F. Karsch, S.S., C. Schmidt Phys.Rev.D 109 (2024)]

•   Using the critical exponents : 
 and  from 

[M. Hasenbusch, Phys. Rev. B 100,(2019)] 

•   Ansatz for 
  

•  Location of the LYEs : , with 
 and  

   where  

•  Branch cut in  along the branch cut

β = 0.32643(7) δ = 4.78982(85)

h(θ) = (θ + h3 θ3 + h5 θ5 + h7 θ7)

|zc |eiϕ

|zc | = 2.418(55) ϕ = 0.9935+45
−191ϕLY

ϕLY =
π

2βδ

fG(z)



Analysis for 3 − d O(2)
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•   Using the critical exponents :  and  from [M. 
Hasenbusch, Phys. Rev. B 100,(2019)] 

•   Ansatz for  =  now includes the 
Goldstone modes 

•  Location of the LYEs :  , 

β = 0.34864(7) δ = 4.7798(5)

h(θ) (θ + h3 θ3 + h5 θ5) × (1 − θ2/θ2
0)2

|zc | = 1.900(46) ϕ/ϕLY = 1.024(30)

: Lines of constant 
arg( ) , region where map is 
single valued

3d − O(2)
z



Analysis for 3 − d O(4)
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•   Using the critical exponents :  and  from [J. Engels, L. 
Fromme, and M. Seniuch, Nucl. Phys. B 675, (2003)] 

•   Ansatz for  , same as  with 
different parameters 

•  Locations of LYEs :  , 

β = 0.380(2) δ = 4.824(9)

h(θ) = (θ + h3 θ3 + h5 θ5) × (1 − θ2/θ2
0)2 O(2)

|zc | = 1.469(20) ϕ/ϕLY = 1.023(34)
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Schmidt Phys.Rev.D 
109 (2024)]



Analysis for mean field approximation and N → ∞

•  In the MFA  and   the scaling function and critical 
exponents are given by

(g = 1) N → ∞ (g = 2)

fG(z + f 2
G)g = 1 β =

1
2

, δ = {3 , MFA
5 , N → ∞ 3 − d

•  We can determine LYEs using the Schofield parametrization

θ̃± = ± θ0

δ − (δ − 1)θ2
0

• Substituting  into the equation for , the universal location of the Lee-
Yang edge singularity in the complex plane is obtained as

θ̃± z(θ)
z−

zLY ≡ z(θ̃±) = {3 ⋅ 2−2/3 e±iπ/3 , MFA
5 ⋅ 2−8/5 e±iπ/5 , N → ∞ 3 − d



Comparison of results with FRG

•The only other results that exist for  are from FRG [G. Johnson et. al. Phys. Rev. D 
107, (2023)]

|zc |

Z(2) O(2) O(4)

Lattice 2.429(56) 1.95(7) 1.47(3)

FRG 2.43(4) 2.04(8) 1.69(3)

Relevance for Lattice QCD

•  Gives us another universal quantity more suited for finite volume studies. 

•  Being the closest complex singularity in parameter space - will effect the 
Taylor series coefficients! [G.Basar, G.V. Dunne Z. Yin, Phys.Rev.D 105 (2022)]
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Summary

16

•  Using the Schofield parametrization, it is possible to extract the universal 
location of Lee-Yang edge singularities from lattice based studies - first 
results from lattice based studies.  

• We considered the scaling functions in  universality 
class and MFA. 

•  A discussion on the region in the complex   plane, where the function  
is invertible was also discussed for all the cases. 

•  Various choices for the order of the polynomial  studied - results stable 
and consistent with FRG (except O(4))

3 − d O(N = 1,2,4,∞)

θ z(θ)

h(θ)

Outlook

• The choice of a truncated polynomial ansatz for  needs to be refined - in 
order to study how these edge singularities are approached. 

h(θ)



BACKUP SLIDES



μLYðTÞ are the branch points associated with these
cuts [18,19].
In the context of the critical point, we would like to

analyze μLYðTÞ in the vicinity of the critical point. Using
universality, we can turn to the Ising model where the Lee-
Yang singularity is simply dw=dz ¼ 0, which from Eq. (8)
leads to wLY ¼ $i2=ð3

ffiffiffi
3

p
Þ.2 The LY singularity can be

viewed as a critical point and in its vicinity the equation of
state behaves as

z − zLY ∝ ðw − wLYÞσLY ð13Þ

where σLY ¼ 1=2 is the associated critical exponent.
Beyond the mean field limit, the critical equation of state
in the vicinity of the LY singularity is described by the ϕ3

theory with pure imaginary coupling [21] with
σ ≈ 0.074–0.085. Using the mapping back to the random
matrix model, Eq. (9), we obtain

μLYðTÞ≈μcþK1ðT−TcÞ$ iK2ðT−TcÞ3=2

whereK1¼−
hT
hμ

; K2 ¼
2

3
ffiffiffi
3

p
rμ3=2

hμ

"
rT
rμ

−
hT
hμ

#
3=2

: ð14Þ

It is worth noting that μLYðTÞ is real for T < Tc. In this
regime they correspond to the location of the two spinodal
points (supercooling and superheating points). The fact that
they lie on the real axis for T < Tc is an artifact of the mean
field limit. In general, the subleading term in Eq. (14) is
proportional to ðT − TcÞβδ where β and δ are the usual
critical exponents. In mean field theory βδ ¼ 3=2 and the
subleading term becomes real for T < Tc. Beyond mean
field this is not the case, which has interesting conse-
quences for the spinodal singularities [22–24].
The LY trajectory given in Eq. (14) is the main starting

point of our analysis. Our strategy in the next section will
be to reconstruct this expansion near Tc from a truncated
series expansion of the equation of state. Then one can
obtain the location of Tc, μc, as well as K1 and K2 which
contain the mapping parameters to the Ising model.
More generally, the LY singularities in the context of
QCD critical point have been discussed in, for example,
[19,20,25–29].

III. THE CONFORMAL MAP AND THE
LEE-YANG TRAJECTORY

In this section we explain how to determine the location
of the LY singularities with high precision in the practical
situation where we only have access to approximate
information about the equation of state. Furthermore, this
approximate information is typically computed in a region
away from the critical region, and yet we are most

interested in probing the vicinity of the critical point
(see for example [30]). Due to the fermion sign problem,
most commonly the region we have access to is around
μ ¼ 0 (see [5] for a recent review), and the information we
have is typically a local Taylor expansion around this point.
For concreteness let us focus on the susceptibility,

χðT; μÞ ¼ ∂2pðT; μÞ
∂μ2 ≈

XN

n¼0

cnðTÞμ2n: ð15Þ

The natural expansion parameter is μ2, similar to QCD in
which case is due to the charge conjugation symmetry.
Even though this is a local expansion around μ ¼ 0, it
contains global information, including especially the sin-
gular behavior around μ ¼ μLY. This information is
encoded in the coefficients cnðTÞ, and our task is to decode
it as efficiently and precisely as possible. Optimizing this
decoding procedure is important as in many cases we only
have access to the first few terms in the local expansion. In
this section we introduce an efficient framework that not
improves the approximation to the LY singularity com-
pared to other methods, but also provides an accurate
approximation to the equation of state in the critical region.
The ideas we pursue here are built upon techniques
developed in [13,14], and which have recently been applied
to the Gross-Neveu model in Ref. [12]. Here we apply them
to the random matrix model and detail the technical aspects
of the framework.
In general since μ2 ¼ μ2LY is the closest singularity to the

origin, the radius of convergence of the Taylor expansion in
Eq. (15) is jμ2LYj. However the coefficients cnðTÞ contain
much more information than just the radius of convergence.
The Darboux theorem [30,31] states that the behavior of the
coefficients cnðTÞ at large order n is directly related to the
behavior of the function in the vicinity of the nearest
singularity. Specifically, if the Taylor expansion coeffi-
cients of a function fðzÞ ¼

P∞
n¼0 bnz

n near the origin have
leading large-order growth as n → ∞:

bn ∼
1

zn0

$"
nþ g − 1

n

#
ϕðz0Þ −

"
nþ g − 2

n

#
z0ϕ0ðz0Þ

þ
"
nþ g − 3

n

#
z20
2!
ϕ00ðz0Þ − & & &

%
ð16Þ

then the leading singularity is located at z0, and in the
vicinity of z0 the function behaves as

fðzÞ ∼ ϕðzÞ
"
1 −

z
z0

#−g
þ ψðzÞ; z → z0 ð17Þ

where ϕðzÞ and ψðzÞ are analytic near z0. This means that
from a detailed study of the expansion coefficients cnðTÞ,
derived from the expansion about μ ¼ 0, we can learn
about the expansion of the function near the critical point.

2Beyond the mean field limit this value has been computed in
Ref. [20] for the three dimensional OðNÞ symmetric model.

GÖKÇE BAŞAR, GERALD V. DUNNE, and ZELONG YIN PHYS. REV. D 105, 105002 (2022)

105002-4

[G.Basar, G.V. Dunne Z. Yin, Phys.Rev.D 105 
(2022)]
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singularity is located on the real ✓-axis. For c4 < 0 it lies
on the imaginary axis.

While variations of c4 within its current errors thus
influences the singular structure in the ✓-plane, the lo-
cation of Lee-Yang and Langer edge singularities at ✓LY

gets modified only little. The main e↵ect of a variation
of c4 within its errors is to increase the current error on
the location of zLY ⌘ z(✓LY ) and zLan ⌘ z(✓Lan). We
obtain

zLY = 2.418(55) e±ir�LY , r = 0.9935+45
�191 ,

zLan = 2.379(36) ei�Lan . (45)

In Fig. 4 (left) we show the unique region for the map-
ping z , ✓ and the location of zeroes and singular
points in the ✓-plane corresponding to the central val-
ues of (h3, h5, h7) given in Eq. 41 that have been used
to determine the location of the edge singularities given
in Eq. 45. In the right hand figure we show results for
a tuned set of parameters (h3, h5, h7), which leads to a
bifurcation point having the correct phase of a Lee-Yang
edge singularity. Branch cuts emerge from these edge
singularities located on the dashed-dotted lines, which
correspond to contours having the phase ±�LY (black)
and �Lan (red), respectively.

Starting from the edge singularities branch cuts
emerge. These lead to discontinuities in the real and
imaginary part of the scaling function fG(z). In Fig. 5
we show the gaps of |fG(z)| on the Langer and Lee-Yang
branch cuts, respectively. As can be seen the magnitude
of the discontinuity is quite di↵erent on these cuts. It is
an order of magnitude larger on the Lee-Yang cut than on
the Langer cut, which may be taken as an indication for
the Langer edge singularity being an essential singularity
[20] which leads to only a weak discontinuity across the
cut. This, however, is not accessible with the truncated
polynomial expansion used for h(✓). A more complicated
form of h(✓) will be needed to reproduce the essential sin-
gularity at the Langer cut, as well as the universal form
of the Lee-Yang edge singularity, which is expected to be
described by a �3-theory [12, 29, 30].

We conclude that results for the location of edge sin-
gularities in the Z(2) universality class are quite stable
and vary only little when adjusting the phase of z(✓LY ).
Even when moving from the LPM approximation to the
currently known parameterization of the function h(✓)
up to O(✓7) the variation of |zLY | is only about 5%.

B. Lee-Yang edge singularities in the O(N)
universality classes

Aside from a 2-fold zero in the generalized LPM ap-
proximation for the function h(✓), which also is imple-
mented in the general ansatz for h(✓) [37], the most im-
portant di↵erence in corrections to the LPM approxima-
tion for Z(2) and O(N) universality classes, respectively,
is due to the di↵erent sign of the coe�cient c2 in the lead-
ing order correction. As discussed above a consequence

Figure 5. The absolute value of the Z(2) scaling function
fG(z) on the Langer (top) and Lee-Yang (bottom) cuts.
Shown are results for the Z(2) universality class using h(✓)
with the tuned set of parameters (h3, h5, h7) also used in
Fig. 4 (right).

of this is that one always finds a pair of complex con-
jugate singularities in the susceptibility scaling functions
located on the imaginary ✓-axis at ±✓LY,b, which cor-
responds to complex z-values with the Lee-Yang phase
�LY = ⇡/2��. Moreover, already for c2 = c4 = 0 one
obtains a pair of singularities located at ✓LY in the com-
plex ✓-plane. As discussed in the previous subsection for
the case of Lee-Yang singularities in the Z(2) universality
class, also in the O(N) case the phase �bi at this singular
point, z(✓LY ), is not exactly at �LY . However, already
for c2 6= 0 the phase �bi agrees with �LY within cur-
rent statistical errors and this remains to be the case for
c2 6= 0 and c4 6= 0. This behavior is found for the O(2)
as well as the O(4) universality classes.

As has been done in the previous subsection for the
Z(2) universality class we also determined the absolute
values of the Lee-Yang phase and the values for the phase
�bi = r�LY for three di↵erent cases: (i) c2 = c4 = 0, (ii)
c2 = 0, c4 6= 0, (iii) c2 6= 0, c4 6= 0. Our results are
summarized in Table IV. In analogy to Fig. 4 we show in
Fig. 6 contour plots in the O(4) universality class. Fig. 6
(top, left) is for the set of central values for (✓0, c2, c4)
corresponding to r = 1.023 and the (bottom, left) figure
corresponds to a parameter set with �bi = �LY , which
lies inside the region defined by the current errors on
(✓0, c2, c4).

[X. An, D. Mesterházy, 
and M. A. Stephanov, J. 
Stat. Mech., (2018)]
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Figure 3: Analytic continuation t ! �t from the principal, i.e., high-temperature sheet (left
panel) to the low-temperature sheet (right panel) of the scaling function z(w) of the Ising theory
as conjectured by Fonseca and Zamolodchikov, where w ⇠ Ht���, while keeping the magnetic
field H > 0 fixed at d = 4 � ". After analytic continuation the metastable branch H < 0 can
be accessed by rotating H clockwise in the complex plane, while keeping t < 0 fixed. The line
representing the Langer cut is rotated away from imaginary axis by an angle ��, cf. Eq. (3.2).

where �� > 3/2 below the upper critical dimension, i.e., for d < 4 (cf. Eq. (4.3)), and �� = 3/2
for d � 4.

In order to understand the position of the points described by Eq. (3.1) it is important to
take into account another property of the equation of state in the low-temperature domain – the
Langer cut [33]. It is well-known that the Ising equation of state is weakly singular at H = 0 for
t < 0, due to the presence of an essential singularity [26,37,38] associated with the decay of the
metastable vacuum [39–41]. The rate of this decay gives the imaginary part of the free energy
F(t,H) for H on the metastable branch at t < 0 and, since M = @F/@H, also the imaginary
part of the magnetization M(t,H). Near d = 4, it takes the form (for w ⌧ 1)

ImM(t,H) ⇠ exp

✓
�

const

u0|w|3

◆
, (3.3)

demonstrating that there is an essential singularity, which is nonperturbative in u0. Not only
is this singularity absent in the mean-field equation of state, but it cannot be seen at any finite
order of the " expansion. The imaginary part of M is discontinuous (changes sign by Schwarz
reflection principle) across the real axis of H on the metastable branch, which corresponds to a
cut, known as the Langer cut [33].

This cut can be reached from the stable low-temperature branch (H > 0, t < 0) by rotating
H along a semicircle in the complex H plane, such that H ! �H. Thus, its location in the
complex w plane should be as shown in Fig. 3. If we translate Fig. 3 into the H plane, using
w ⇠ Ht��� (with t < 0), we find that the spinodal point can be found under the Langer cut as
shown in Fig. 4, assuming, of course, that we start from the stable H > 0 branch. It is therefore
natural to expect that the spinodal singularity (which is also the Lee-Yang edge singularity)
is the closest singularity to the real axis (i.e., to the Langer cut). This is the essence of the
“extended analyticity” conjecture put forward by Fonseca and Zamolodchikov [22]. Here, our
goal is to see what one can say about the singularities of the equation of state and the validity of
the conjecture using the " expansion as well as large-N limit of the O(N)-symmetric �4 theory.

3.2 Lee-Yang edge singularities and Ginzburg criterion

As we discussed in Sec. 2, the mean-field (saddle-point) approximation is controlled by the
quartic coupling u0. For d < 4, in the scaling regime, the coupling is given by the IR (Wilson-
Fisher) fixed-point value of order " = 4� d. This means that the true scaling equation of state
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Figure 6. Contours in the complex ✓-plane defined by values of z with constant phase �, z = |z| exp(i�). Shown are results for
the O(4) universality class using h(✓) with the central values for (✓0, c2, c4) given in Table II (top, left) and for a specific nearby
choice of parameters (within the current errors) that correspond to � = �LY (bottom, left). The figures on the right show |fG(z)|
for both cases. In the left hand figures dots show the location of zeroes of h(✓) and diamonds give locations of singularities in
the susceptibility scaling functions f 0

G(z(✓)) and f�(z(✓)). Similar results can be obtained in the O(2) universality class.

similarly small errors. The latter gives ⌫ = 0.62999(5),
⌘ = 0.03631(3). Using hyper-scaling relations we obtain

� = 0.32643(7) ,

� = 1.23711(12) . (A2)

Using the hyper-scaling relation, � = (�+�)/�, we obtain
� = 4.8048(20) using Eq. A1 and � = 4.7898(12) using
Eq. A2.

We compare results for (h3, h5, h7) obtained with these
updated critical exponents to those obtained in Ref. [35]
in Table VI.

The coe�cients (h3, h5, h7) have been determined in
[35] using resummed results of a 3-d perturbative expan-
sion of the function F (z), which is defined as derivative
of the free energy with respect to a variable z̃,

F (z̃) = z̃ +
1

6
z̃3 + F5z̃

5 + F7z̃
7 , (A3)

with

F5 = 0.01711(7) , F7 = 0.00049(5) . (A4)

The expansion parameter z̃ is related to the variable ✓,
used in the Schofield parameterization, through,

z̃ = ⇢✓/(1� ✓2)� . (A5)

In [35] the scale parameter ⇢2 = 2.8656 is used. We
assign an error of 10�2 to it5.
The function F (z̃) is related to h(✓) through

h(✓) = ⇢�1(1� ✓2)��F (z̃(✓)) . (A6)

5
No error on ⇢

2
has been quoted in [35]. The error assigned by

us, however, reproduces the error on h3 and h5 given in that

reference.

Tuning of parameters in 3d − O(4)

[F. Karsch, S.S., C. 
Schmidt Phys.Rev.D 
109 (2024)]
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external magnetic field � planes, to determine the critical temperature, critical exponents a, and
exponent product VX. For this study we have performed two kinds of simulations : (i) Setting
� = 0 and computing the poles of the specific heat in the complex V plane. These are known in
the literature as Fisher zeros [7]. The finite size scaling of the closest Fisher zero to the real V axis
allows us to determine the critical inverse temperature V2 and the critical exponent a. (ii) Once
we determine the critical temperature, one can perform simulations at )2 = 1/V2 , with the external
magnetic field turned on and determine the volume scaling of the closest Lee-Yang zeros. This
scaling allows us to determine the gap exponent VX.

For the 2D Ising model simulations performed in [22], we use the cluster spin flip algorithm based
on [23], since it is well known that this type of algorithm does not su�er from critical slowing down,
allowing us to obtain statistically independent configurations. From the simulations we compute
the following quantities : average magnetization h"i, average energy density h⇢i and the specific

heat capacity (at � = 0) ⇠� =
⇣
m⇢
m)

⌘
�=0

for di�erent lattice volumes. We then use the multi-point

Padé approximation to approximate ⇠� and extract the closest stable poles V0 (Fisher zeros) to the
real V axis. These can be shown to have the following finite volume scaling [24],

|V0 � V2 | / !�1/a (10)

We further approximate h"i by the multi-point Padé approximation and extract the stable pole, this
time in the complex external magnetic field plane, closest to the real � axis, �0. We repeat this
procedure for di�erent lattice volumes and fit the poles according to the following scaling ansatz
[24, 25]

|�0 � �2 | / !V/a�3 (11)

The results of the fits for the Lee-Yang scaling with volume is shown in Fig. 2 and the results from
the fits for the relevant exponents are shown in Table. 2. All calculation details and fits can be found
in [22].

Quantity Fit Results Exact value j2/dof
a 1.014(60) 1 1.3
V2 0.4404(19) ⇠ 0.4407 1.44
VX 1.881(93) 1.875 1.2

Table 2: Results for the fits for critical inverse temperature V2 , the exponent a, and the gap exponent VX.

5. Universal location of LYE from continuum extrapolated scaling function in 3d

O(N) model

In the thermodynamic limit the Lee-Yang zeros coalesce into branch cuts terminating at Yang-
Lee edge singularities (YLE). These YLEs also mark the branch points of the scaling function in the
symmetric phase. Although the phase of these branch points can be determined by the underlying
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